Values of the Double Sine Function

Shin-ya Koyama and Nobushige Kurokawa

Abstract.We calculate basic values of the double sine function. The algebraicity for some
special values is proved. Its behavior in the fundamental domain is also studied. Especially
we show that it has just two extremes: one relative maximum and one relative minimum.
Asymptotic formulas for these extremal values are proved.
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1 Introduction

The double sine function was discovered by Holder [H] in 1886 as a generalization of the
usual sine function. It was defined by the infinite product

ro-Rl((5) =)

n=1

Holder proved basic properties of F(z) containing the periodicity and the multiplication
formula. About ninety years later, Shintani [S] constructed the normalized double sine
function F'(x,(wi,ws)) to investigate Kronecker’s Jugendtraum for real quadratic fields.
Holder’s double sine function F(z) is expressed by Shintani’s double sine function as
F(z)=F(1—=x,(1,1)). We studied these double sine functions in previous papers [K1]-[K4]
[KK1]-[KK5] [KW1] [KW2] with various applications and generalizations. There also exists
a physical application such as Jimbo-Miwa [JM]. Thus, the double sine function is an im-
portant mathematical object, but its study is still in a primitive stage. For example we do
not know the precise behaviors concerning extermal values. In this paper we investigate this
basic problem. The difficulty of this problem is coming from the fact that we do not have
sufficient knowledge about the derivatives of the double sine function in general. We refer
to [KK1] [KW1] [K3] for related results.



For later use, we recall the general construction of normalized multiple sine functions
following [K1] [K2] [KK1]. The normalized multiple sine function of period w = (wy, ...,w;)
for wy,...,w, > 0 is defined as

Sr(x,w):< H (n1w1+---+nrwr+x)>

0 (71)r71
X ( H (m1w1+~--+mrwr—$)> )
my

where the zeta reguralized product [] of Deninger [D] is used. Alternatively, S,(z,w) is
written as

Sqn(%‘,&)) = FT(:C7 w)fl]?‘,rl(wl + e + Wr i x’ w)(fl)r

in terms of the regularized multiple gamma function

- -1
I(r,w) = ( ]:[ (nywy + -+ + nyw, + x))
ny

)

CT<S7*T7 UJ) = Z (nlwl + e npwr + x)—s

= exp (—SC,«(S, T,w)

is the multiple Hurwitz zeta function defined by Barnes [B]. The case r = 1 is reduced to
the usual gamma function and sine function:

[(z/w)

I(z,w) = o a3
and
2 . (TT
Sl(fL’,Ld) = m = 2sin (U) .

For simplicity we write
Ly(z) =Tp(x, (1,...,1))

and



As proved in [KK1] the double sine function F(z) of Holder [H] is identified as

Fa) = S$(1-2,(,1)
= Sy(x)"'Si(w),

and the double sine function F(x, (wy,wsy)) of Shintani [S] is nothing but
F(l‘, (("Ul?w?)) = Sg(l', (w17w2))'

On the other hand another type of multiple sine function 8,(z), which we call the
primitive multiple sine function in [KK1], is defined as

r—1 r-t

s e ()T (2 () ()™)

for r > 2 with

Pr(u):(1—u)exp<u+%2+---+u—r>.

Holder’s double sine function is F'(z) = S3(z) and §,(x) is also written via S,(z) explicitly
(see [KK1]).

Now we describe our results. We look at the behavior of Sy(z, (wy,ws)) on the real line.
From the basic periodicity

Sy(, (w1, ws))

SQ(QJ + w1 + wa, (Wla WQ)) 4sm( )SlIl( )

proved in [KK1] in a more generalized form, we may restrict ourselves to the fundamental
domain 0 < z < w;y + ws. Since Sy(z, (w2, wy)) = Sa(z, (w1, ws)) we may assume 0 < w; < wy
without the loss of generality.

First the basic values are given in the following theorem.

Theorem 1

(1)

SQ <WI_;W2, (wl,wg)) = 1.



S (%, (wl,w2)> =5 (%, (wl,w2)> = V2.

[

S <w1 + %, (wl,w2)> =5 <w2 + %, (wl,w2)> —

52(001; (Wh W2)) = %
1

Sy (wa, (w1, w2)) = \/?

We find extremal values as follows:

Theorem 2 Let 0 < wy < wqe. Then we have:

(1) The double sine function So(x, (w1,ws)) has just two extremes So(umax (w1, ws), (w1, ws))
and Sa(umin (w1, ws), (w1, ws)) in 0 < x < wy + we, where

0 < Qmax (W1, w2) < Amin(wr,ws) < wy + ws.

(2) So(amax(wi,ws), (w1,ws)) is a relative maximum and

w w
71 S Oémax(wlaw2> S ?2

(3) Sa(min(wi,ws), (w1, ws)) is a relative minimum and
w1

w2
wit oS Qmin (W1, w2) < wy + 5

(4)

Omax (W1, Wa) + Amin (W1, w2) = wi + wo.
(5)
SQ(QmaX(wh w2)7 (wl) w2)>52(amin(w17 CUQ), (wla WQ)) = 1.

The asymptotic results for the extremal values are shown as follows:
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Theorem 3

M
2)

it
(3)

lim apin(1,8) =

tl0

Theorem 4

(1)
lim sup 108; SQ(amaX<17 t)> (17 t))
t]0 1/t
(2)
hm 1nf IOg SQ(amax(17 t)u (17 t))
t10 1/t
(3)
hrn Sup log SQ(amax<17 t)? (17 t))
t—o0 t
(4)
lim inf log 52(amax(1at)a (17t))
t—o0 t
(5)
lim inf 10g SZ(Oémin(la t)a (17 t))
t10 1/t




lim sup 10g S2(Amin(1, 1), (1,1)) < —llog (ﬁ) :
t10 1/t 6
(7)
i i log Sa(amin(1, 1), (1,1)) > _1.
t—o0 t 6
(8)
limsup 10g SZ(Qminilut)7 (Lt)) S —llog (%) .
t—o0

We show the following algebraicity result:

Theorem 5 Let Ny and Ny be positive integers with (Ny,Ny) = 1 or 2. Then the

value Sa(m, (N1, N3)) is an algebraic number in Q (smN, cos ﬁ, VN; | i= 1,2> for
mzl,...,N1+N2—1.
Examples
Sa(1,(4,6)) = 1, (2, (4,6)) = V2, S5(3, (4,6)) = V2,
3 2
52(47 (476)) = \/;7 52(57 (47 6)) = 17 = \/;7
1 1
Sy(7. (4,6)) = —. S5(8, (4,6)) = —. S5(9, (4,6)) = 1.
2(7,(4,6)) 7 2(8,(4,6)) 7 (9, (

We obtain the following result in the case of a period of a special type.

Theorem 6

(1) For an integer n > 1,
Sa(n, (1,6n)) = Se(n + 1, (1,6n)) = max{Sz(m, (1,6n)) | m=1,...,6n}
and

N < amax(1,6n) < n+ 1.



lim inf log 5(n, (1,6n)) > log (%> .
s

n—oo n

We make a few remarks. Algebraic natures of special values of the double sine function
are very interesting from arithmetic view points. Values in Theorems 5 and 6 are examples
of N-division values of the double sine function for N = 1 and 2. General N-division values
would be important to realize Kronecker’s Jugendtraum as indicated first by Shintani [S].
Moreover, extremal values appearing in Theorems 2 and 4 are quite mysterious. Our results
can be generalized to the case of the multiple sine function to some extent. We will treat
generalizations on another opportunity.

2 Special values: Proof of Theorem 1

Proof of Theorem 1

(1) This central value comes from the definition

r w1+w27 7
S, <w1 —f-wQ7 (w1,w2)) _ 12 (Miw (wr wz)) -1
'y (T7 (thz))

(2) We have

wi Do (% Fw, (wi,wa)) w1 !
() Dl (s

where we used the (quasi-)periodicity
Doz + wy, (w1, wa)) = Ta(z, (WLWQ))Fl(anl)_l'

Notice that

)1
~—~
IS
S~—
&
€18
Wl

[(zr,w) =

9



Thus

So (%, (wl,w2)> =2,

By symmetry we also have

Sy (%, (wl,w2)> - V2.

(3) By the reflection Sa(w; + ws — z, (wi,ws)) = Sa(w, (wy,ws))™" we have

Sa <w1 + %, (wl,w2)> =S (%, (wl,w2)>_1 = g

and

|

S <WQ + %, (wl,w2)> =5y (%, (w1,w2)> - =

(4) First, we remark that

[y (wg, (w1, ws))
Lay(wi, (w1, ws))

I Iy(we + 2, (w1, w2))
—= 11m .
z—0 FQ(wl + Z, (wla w?))

Sy (w1, (W1, we)) =

Here we use

Lo(ws + z, (w1, ws)) _ Loz, (wi,w2)) Ty (2, w) !
Lo(wr + z, (Wi, ws)) oz, (wi, we)) 'y (, we) ™t
_ F1($,w2)
F1(30,001)
e 1
 D(Sws” 7
_ x _1°
D(Z)wy *



Hence we obtain

[(E)w
Sg(wl,(wl,wQ)) = hm(—_

By symmetry (or from S, (ws, (wi,ws)) = Sy (w1, (w1, ws)) ™) we have

Sy (wa, (w1, wa)) = \/?

Remark From the relation
Sy (w1, (Wi, wq)) = }E}% So (w1 + 2, (wi,w2))

_ hm SQ ('T7 (Wl, WQ))
z—0 S (x,ws)
Sé(()? (w1’w2))

Si(oau&)

Wy
= 52550, (w1, w2))
T

we see that
we 27
So (Wi, (wi,w2)) = [— <= S5(0, (w1,w2)) =
2( 1 ( 1 2)) " 2( ( 1 2)) —
w1
symmetry 92 (02, (W1,w2)) = 4 /=

We refer to [K3] for a direct proof of S5(0, (w1, ws)) = \/‘%

3 Extermal points: Proof of Theorems 2 and 3

Proof of Theorem 2

To simplify the notation we put S(z) = Sa(x, (w1,ws)) here. Then

S(z) = Ta(z, (w1, ws)) 'Ta(wr + wa — z, (w1, ws))

9



with

Fate Gon,n)) = exp ( 576(0. 2, (on.0))

for

C2(57$7 (w17w2)) = Z (nlwl + naws + l’)_s-

ni,n2>0

We notice that (a(s,x, (w1, ws)) converges absolutely in Re(s) > 2 and it has a meromorphic
continuation to all s € C. Moreover (5(s, z, (w1, ws)) is holomorphic at s = 0.

Since
log S(z) = —logly(z, (w1,ws)) +log Ma(wi +wy — x, (w1, w2))
0 0
= —a@(&% (w17w2))+$@(0,w1+w2—x, (w1, ws))
we have
S (0 = =7 a(0,2, (w1,02)) — 2o Go(0, 01+ — 1, (w1,0)
S Tr)= 50T 2\U, T, (W1, W2 D50 2(U, W1 Twa2 — T, (W1,w2)).
Hence
S\’ 93 93
(E) (x) = —W@(Oal} (w1, w2)) + WCQ(Oawl +wy — 1z, (wy,w))
and
S\ ot o
(g) () = _WC2(07x7 (W17W2))—WC2(0;W1+L02—$, (w1, w2))
— 2( Z (n1w1+n2w2+x)_3+ Z (m1w1+m2w2—x)_3>,
ni,n22>0 mi,ma2>1

where we use the relation
83
023

coming from

G(s, @, (w,ws)) = (—=8)(—=s — 1)(—=s — 2)(a(s + 3, z, (w1, ws))

(%Cg(s,x, (w1,wo)) = % ( Z (nqwy + nows + x)—s>

ni,n2>0

= —5 Z (nqwy + nowsy + ) 757!

ni,n2>0

= —SCQ(S + 17 z, (w17w2)>.

10



Thus

(%)H () >0

in 0 <x<w+wsand

5 ()

This shows Figure 1. We show that S’ (%) < 0. Suppose that

S/ <CU1 ;—w2> Z 0

Then
i’ w1 + wa >0
S 2
and
S/
g(:c)zo in 0<z<w +w
since (%’),(1’) >0 in 52 < 2 < wy +wp and (%),(z) <0in 0 <z < “f Hence

S'(z)>0 in 0<x<w+ws.

Thus, especially

s(3)=5(252)

But, this contradicts Theorem 1(1)(2): v/2 > 1. So we conclude that

S’ (wl ;w) <0.

Thus we get Figure 2. Hence there exist uniquely o and fin 0 < a < 3 < wy + w9 such that
S'(a) = S’(B) = 0; notice that S(0) =0 and lim S(z)= +o00. Now, inequalities

zTwi+wa

w w w w
ééaég and w1+72§5§w2+71

11



are seen with Theorem 1(1)(3) considered. Moreover

S'(w1 + wo — .CL’) = —

shows that f = w; + wy — a. Thus we get Theorem 2. Consequently we have Figure 3.

Proof of Theorem 3

Properties (5) and (6) follow from (1) (2) and (3) (4), respectively. From the symmetry
Sa(z; (w1, wa)) = Sa(x, (w2, wi))

and the homogeneity
Sa(z, (w1, wa)) = Sa(ex, (cwr, cws))

for ¢ > 0 (see [KK1]) we see that
Omax (W1, W2) = Omax (w2, w1)

and

Omax (Cwr, cws)

Qmax (wla w2) - c

In particular

O'max 171 = Qmax 1,1 = O‘max—(Lt)‘
t t ;

Hence we find that (1) implies (2). As we also have
Omin(1,1) = 1+t — aumax(1, 1)

we see (1) implies (3) and that (2) implies (4). Therefore it suffices to show (1).
Proof of (1)
Let 0 <t < % and put N(t) = [5] + 1. We show that

(N() — 1)t < amax(1,1) < (N(£) + 1)L

If this is proved, we have

L e (1t)<1—|—2t
P Omax\ 1, =~ =
6 6

12



from

1 1
— < N((t) < — +1.
6t ()—GtJr

Hence we get

Pfol Omax(1, 1) = —.

Proof of amax(1,t) > (N(t) — 1)t
From 0 < (N(t) — 1)t < %, we see that

So(N (1), (1,1)) 1

SN (D) =

D, (1,6)  2sin(n(N(t) — 1)t) —

Hence
So(N (@), (1,1)) = Sa((N(t) = )i, (1,1)).
Suppose that (N(t) — 1)t > amax(1,t). Then

Omax(1, 1) (N(t)— 1)t

N(t)t

IN A A

< —.
So the decreasing nature of Ss(z, (1,t)) on (owmax(1,), 3) implies
So(N(t)t, (1,t)) < Sa((N(t) — 1)t,(1,1)).
This gives a contradiction. Hence

(N(t) — 1)t < amax(1,1).

SINDL(LE)  Zsm(xN@H -

13



Hence
So((N(t) + 1)t, (1,t)) < So(N(t)t, (1,1)).

Suppose that (N (t)+1)t < amax(1,t). Then the increasing nature of Sa(z, (1,%)) on (0, Amax(1, 1))
implies

This gives the contradiction. Hence

(1, 1) < (N () + 1)t 1

4 Proof of Theorem 4

It suffices to show (1) and (2), since (3) and (4) follow from them by the change of variable
t to 1; (5)-(8) come from (1)-(4) by

So(Qumin(1,1), (1,1)) = Solamax(1,1), (1,£)) 71

To prove (1) and (2) we show the following facts: Let 0 <t < & and put N(¢) =[] + 1 as
in the proof of Theorem 3. Then

(a)
1 N()—2,N(t)—2 -1
S2(max(1,1), (1, 1)) < V4 sin(7t) sin(27t) o (N(t) - 2)') ’
(b)
Sa(max(1, 1), (1,1)) > % (%(%)NWW“”N (t)!>_1
Moreover
(c)
i V() —2) log § — (N(t) — 2)1log6 —log((N(t) —2)1) 1
t10 1/t 6’
(d)
iy V() —2) log ; — (N(t) — 2)log(27) — log(N(t)!) 1 <§)
t10 1/t 6 '

14



First we check that (1) and (2) follow from (a)-(d). This is easy since
log Sy (max (1, %), (1,1))

lim sup
£10 1/t
< ) (N(t) —2)log 1 — (N(t) — 2)log 6 — log((N(t) — 2)!) — log(V/t4sin(t) sin(27t))
& limsup T
- 1
© §
and
hm mf log SQ(amax<17 t)? (17 t))
t10 1/t
S V) = D)o d — (V(0) — 2)log(2m) — log(N(1) — log(vFY)
() 410 1/t

— | 36
(@) aog -

Now we show (a)-(d).

Proof of (a)(b)
Using

So(man(1,) — (1 — 1)t (1,)) = So(Ctman (1, ) — It (1,£))S1 (Qtman(1,£) — 1)1

foril=1,...,N(t) — 2, we have

N(t —2
S (max(1,1), (1,1)) = So(amax(1,1) — (N(t) H L(Qmax (1, 1) — 18) 1
From the inequalites
(N(t) — 1)t < amax(1,t) < (N(t) + 1)t
shown in the proof of Theorem 3, we see that
t < omax(1,1) — (N(8) — 2)t < 3t.
Hence
N(t -2
Sa(max(1, 1), (1,1)) < So(3t, ( H —1-D)*

15



and

N(t)—2

Sa(max(1,8), (1,8)) > Sa(t, (1,1)) [ Si((N(t) +1—1)t)~".

Here we notice that

Sa(t, (1,1)) =

Sl =

and

1
Sa2(3%, (1,1)) = Vtdsin(rt) sin(27t)

The former identity is Theorem 1(5) and the latter is obtained from

52(3t7(17t)) = 52(2t>
= Sy(t, (

Remarking

1
S1(z) = 2sin(rx) <27z for 0 <z < =

2
and
Si(z) = 2sin(mx) > 6z for 0 < x < é
we see that
N(t)—2 N(t)—2
I SNy —1=0t) = ] (6(N(@t)—1-1))
1=1 1=1

= 6VO2NO2(N(t) — 2)1

where we used
1
0<(N(t)—2)t< &

and that
N(t)—2 N(t)-2
SN +1-0t) <[] @r(N()+1-1))

=1 =

(2m)NO-2NO=2 N (1)1,

o~
=
—_

DN | —

16



Combining these inequalities we get (a) and (b).
Proof of (¢)(d)

First, reformulate numerators of (c) and (d) as

(N(t) —2) log% — (N(t) —2)log6 — log((N(t) — 2)!)

= (V(1) = 2)log gz + (V(D) = 2)log N(0) — og((N (1) + log(N () (N (1) - 1)
N(t)! 5
TG ~ 31N +los(N O - 1)

— N(t) + (N() — 2) log &Tl(t) ~log
and

(N(t) —2) log% — (N(t) — 2) log(2m) — log(N(2)!)

= (N(t) ~ 2)log 5 -+ (N(t) — 2)log + — (N (1) —2)log6 — log((N (1))
N(@®)! 5

—1 — —log N (?).
% N va 2 2N

= (V) = 2)log - V(o) + (V(6) ~ D los

Now the estimation
1 <6tN(t) <1+ 6t

shows that
N(t) 1

Ho 1/t 6

lim1 0
o B GIN()

and

lim log N (t)

tlo 1/t =0

Moreover, Stirling’s formula

|
lim — - — /27

n+i
n—oo phtse—n

implies that

o N()!
. g N(t)N(tH-%efN(t)
lim

t10 1/t

= 0.
Hence we get (c) and (d). 1

17



5 Proof of Theorem 5

(1) (N1, Ny) =1 case:
Take integers My, My > 1 such that My Ny — MsNy = 1. Then

mMyN; = m + mM;Ny
and
Sa(mMiNy, (N1, No)) = Sa(m +mMaNa, (N1, N2))
== 52(m + (mMg - 1)N2, (Nl, NQ))Sl(m -+ (mM2 — 1)N27 Nl)_l

m —+ (mM2 — 1) -1
Ny

= Sg(m —+ (mM2 — 1)N2, (Nl, Ng))Sl (
with
Si(z) = 2sin7x.

Hence, inductively we have

mMo—1 —
+ [N
Sa(mMy Ny, (N1, Ny)) = Sa(m, (N1, No)) [ S (%)
1=0 1

Hence we get

mMs—1
m + [N
Sa(m, (N1, No)) = So(mMiNy, (N1, N2)) [T s (TQ) '
1=0 1

On the other hand
So(mM;iNy, (N1, No)) = So((mM; )Ny, (N1, No))Si((mMy — 1)Ny, No) ™

mMqp—1
kN
= S5(Ny, (N1, Ny)) H Sy <—1)

N, " kN,
)
Thus

mMo—1 mMi—1
+ [N. kN
Sa(m. (N1, ) =/ 22 I s(m—) Il sl(—l) ,

18



. . . . . 271- 27-‘-
which is an algebraic number in Q <Sln N, Cos T,V N;

(2) (N1, Ny) = 2 case:

i:1,2).
N1 N

Since (3, %) = 1, the case of even m is reduced to (1) via

So(m, (N1, Ny)) = Ss (T (& &»

2\ 27 2

Now let m be an odd integer. Since either % or % is odd, we may assume that % is odd
Ni

without the loss of generality. Then, m — <! is even, so we may express

N
m — 71 = k1N1+k2N2

for integers k; and ky. Hence the algebraicity of

N
Sa(m, (N1, N2)) = So (71 + k1 Ny + ko Na, (IVy, N2)>

is reduced to

Sy (% (Nl,NQ)) =2

via the (quasi-)periodicity exactly similar to the case (1).

Proof of Examples.: Calculation of Ss(m, (4, 6)) for m =1,2,...,9.

From the reflection relation
So(wr +wa — z, (w1,w2)) = Sa(z, (W1,w2))_1

it is sufficient to deal with the cases with m =1, ..., 5. First, cases m = 2, 3 are shown from
Theorem 1(2):

S <%, (wl,w2)> =2,

Secondly, cases m =4 and m =5 are deduced from Theorem 1(4) and (1), respectively:

S (w1, (wi,wa)) = \/?

19



and

SQ (W1 —ng, (wl,wg)) =1.

Lastly, it remains to show the case m = 1. Let x = 1, w; = 4, wy = 6 in the periodicity

SQ($+CU1, (wl,wg)) = 52(x,(w1,w2))51(x,w2)_1

T

— Sy, (wr,wn) (2 sin —> o

Then we have
So(5, (4, 6)) = Sy(1, (4, 6)) (2sinf>1
= S5(1, (4, 6)).

Hence

So(1, (4, 6)) = Sa(5, (4, 6)) = 1.

6 Proof of Theorem 6

Notice that (1) is seen from

So(n, (1,6n)) = Ss(n+1,(1,6n))

1
- km
= 6 2 sin — .
vVon (I | sin 6n>

k=1

Hence, using




So, the asymptotic formula of Stirling

n+i
\/6’]1 2 -~ \/gen
n! T

and

21



wi+two

wy +wy ¥

Figure 1.
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= —(x
y S( )
w1i‘ w
2
| ﬁ ;wl + wa
Figure 2.
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y = Sa(x, (wr,w2)) (0 <w; <ws)

w1 w2 witws X
2 a 2 2 5 w1 + ws
wy + 4
wi + %2
Figure 3.
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