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1 Introduction

In 1737, Leonhard Euler [E] made a quite important discovery at St Petersburg on the
existence of the Euler product expression for the zeta function ζ(s) =

∑∞
n=1 n−s:

ζ(s) =
∏

p

(1− p−s)−1,

where p runs over the prime numbers. A typical consequence of this Euler product is the
explicit formula for the number π(x) of primes under x given by Riemann [R] using the zeros
and the pole of ζ(s). Up to now it is known that there exist various zeta functions having
Euler product expressions.

The purpose of this paper is to study multiple Euler factors (MEF) and multiple Euler
products (MEP) via multiple explicit formulas (MEF) naturally associated to “absolute
tensor products” of several zeta functions.

We recall the construction of the absolute tensor product (ATP). We refer to [KK1] and
[KW1] for details.
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Let

Zj(s) =
∏∐
ρ∈C

(s− ρ)mj(ρ)

= exp

(
− ∂

∂w

∣∣∣∣
w=0

∑
ρ∈C

mj(ρ)

(s− ρ)w

)

be “zeta functions” expressed as regularized product, where

mj : C → Z

denotes the multiplicity function for j = 1, ..., r. The absolute tensor product (Z1 ⊗ · · · ⊗
Zr)(s) is defined as

(Z1 ⊗ · · · ⊗ Zr)(s) =
∏∐

ρ1,··· ,ρr∈C

(s− (ρ1 + · · ·+ ρr))
m(ρ1,··· ,ρr)

with

m(ρ1, · · · , ρr) = m1(ρ1) · · ·mr(ρr)×




1 Im(ρj) ≥ 0, (j = 1, ..., r)
(−1)r−1 Im(ρj) < 0, (j = 1, ..., r)
0 otherwise.

This definition originates from [K]. We refer to the excellent survey of Manin [M]. The
notation of the regularized product is due to Deninger [Den1]. See [HKW] concerning the
needed regularized products. The absolute tensor product was studied by Schröter [S] in the
name of the “Kurokawa tensor product.”

We are especially interested in the case of Hasse zeta functions Zj(s) = ζ(s, Aj) for
commutative rings A1, ..., Ar of finite type over Z. We recall that the Hasse zeta function
ζ(s, A) of a commutative ring A is defined to be

ζ(s, A) =
∏
m

(1−N(m)−s)−1

= exp

(∑
m

∞∑

k=1

1

k
N(m)−ks

)
,

where m runs over maximal ideals of A and N(m) = #(A/m). This is also written as

ζ(s, A) = exp

( ∑
p:primes

∞∑
m=1

#Homring(A,Fpm)

m
p−ms

)
.

For simplicity we write

ζ(s, A1 ⊗ · · · ⊗ Ar) = ζ(s, A1)⊗ · · · ⊗ ζ(s, Ar).

2



Actually, as was explained by Manin [M], we expect that our multiple zeta function would
be the zeta function of the “absolute tensor product”

A1 ⊗F1 · · · ⊗F1 Ar

that is the tensor product over the (virtual) “one element field” F1. See [KOW] and [Dei]
for the absolute mathematics over “F1”. In any way, we notice that ζ(s, A1 ⊗ · · · ⊗ Ar)
has the following additive structure on zeros and poles: if ζ(sj, Aj) = 0 or ∞ and Im(sj)
(j = 1, ..., r) have the same signature, then ζ(s1 + · · ·+ sr, A1 ⊗ · · · ⊗ Ar) = 0 or ∞.

Such an additive structure was crucial in the study of Hasse zeta functions of positive
characteristic (congruence zeta functions) pursued by Grothendieck [G] and Deligne [D],
where Euler products were important to restrict the region of zeros and poles for our reaching
to the analogue of the Riemann Hypothesis.

We expect that our multiple zeta functions also have Euler products of the following
form:

ζ(s, A1)⊗ · · · ⊗ ζ(s, Ar) =
∏

(m1,...,mr)

H(m1,...,mr)(N(m1)
−s, ..., N(m1)

−s)

where mi runs over the maximal ideals of Ai and H(m1,...,mr)(T1, ..., Tr) is a power series in
T1,...,Tr of the constant term 1 with a possible degeneration at (m1, ...,mr), where N(mi) =
N(mj) for some i 6= j. More generally we expect that the multiple zeta function Z1(s) ⊗
· · · ⊗ Zr(s) has an Euler product

Z1(s)⊗ · · · ⊗ Zr(s) =
∏

(p1,...,pr)∈P1×···×Pr

H(p1,...,pr)(N(p1)
−s, ..., N(pr)

−s)

when each zeta function Zj(s) has an Euler product

Zj(s) =
∏
p∈Pj

Hj
p(N(p)−s)

and a functional equation; here Hj
p(T ) is a power series in T and H(p1,...,pr)(T1, ..., Tr) is a

power series in (T1, ..., Tr) with a possible degeneration at (p1, ..., pr), where N(pi) = N(pj)
for some i 6= j.

In a previous paper [KK1] we investigated the absolute tensor product ζ(s,Fp)⊗ ζ(s,Fq)
for primes p and q by using a signed double Poisson summation formula, where ζ(s,Fp) =
(1 − p−s)−1. In other words we constructed a new zeta function having zeros (or poles)
at sums of poles of ζ(s,Fp) and ζ(s,Fq). We state the result as follows in refining and
complementing the main theorem of [KK1]. For simplicity we use the notation F (s) ∼= G(s)
for functions F (s) and G(s) to indicate that F (s) = eQ(s)G(s) for some polynomial Q(s).
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Theorem 1 Let p and q be distinct prime numbers. Define the function ζp,q(s) in Re(s) > 0
as follows:

ζp,q(s) := exp


− i

2

∞∑
n=1

cot
(
πn log p

log q

)

n
p−ns − i

2

∞∑
n=1

cot
(
πn log q

log p

)

n
q−ns

−1

2

∞∑
n=1

1

n
p−ns − 1

2

∞∑
n=1

1

n
q−ns

)
.

Then the function ζp,q(s) has the following properties:

(0) It converges absolutely in Re(s) > 0.

(1) The function ζp,q(s) has an analytic continuation to all s ∈ C as a meromorphic function
of order two.

(2) All zeros and poles of ζp,q(s) are simple and located at

s = 2πi

(
m

log p
+

n

log q

)
,

where (m,n) is a pair of nonnegative integers or a pair of negative integers. Indeed it
gives a zero or pole according as they are nonnegative or negative.

(3) We have the identification

ζp,q(s) ∼= ζ(s,Fp)⊗ ζ(s,Fq).

(4) The function ζp,q(s) satisfies a functional equation:

ζp,q(−s) = ζp,q(s)
−1(pq)

s
2 (1− p−s)(1− q−s)

× exp

(
i log p log q

4π
s2 − πi

6

(
log q

log p
+

log p

log q
+ 3

))
.

When p = q the result is as follows:

Theorem 2 Let

ζp,p(s) := exp

(
i

2π

∞∑
n=1

1

n2
p−ns −

(
1− i log p

2π
s

) ∞∑
n=1

1

n
p−ns

)

in Re(s) > 0. Then the function ζp,p(s) has the following properties:
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(0) It converges absolutely in Re(s) > 0.

(1) The function ζp,p(s) has an analytic continuation to all s ∈ C as a meromorphic function
of order two.

(2) All zeros and poles of ζp,p(s) are located at

s =
2πin

log p
,

which gives a zero or pole of order |n + 1|, according as n is a nonnegative or negative
integer.

(3) We have the identification

ζp,p(s) ∼= ζ(s,Fp)⊗ ζ(s,Fp).

(4) The function ζp,p(s) satisfies a functional equation:

ζp,p(−s) = ζp,p(s)
−1ps(1− p−s)2 exp

(
i(log p)2

4π
s2 − 5πi

6

)
.

Remark 1.1 These theorems are natural generalizations of the following well-known facts
on the simplest zeta function

ζp(s) = exp

( ∞∑
m=1

1

m
p−ms

)

defined in Re(s) > 0.

(0) It converges absolutely in Re(s) > 0.

(1) The function ζp(s) has an analytic continuation to all s ∈ C as a meromorphic function
of order one. In fact, ζp(s) = (1− p−s)−1 for all s ∈ C.

(2) The function ζp(s) has no zeros. All poles of ζp(s) are simple and located at s =
2πin/ log p for n ∈ Z.

(3) We have the identification
ζp(s) = ζ(s,Fp).

(4) The function ζp(s) satisfies a functional equation ζp(−s) = ζp(s)(−p−s).

Remark 1.2 The functional equation in Theorem 2(4) “coincides” with Theorem 1(4) when
p = q. This is remarkable considering the quite different appearance of ζp,q(s) and ζp,p(s).
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Remark 1.3 Let

Lir(u) =
∞∑

n=1

un

nr

be the polylogarithm function of order r. Then the function ζp(s) in Remark 1.1 is written
as

ζp(s) = exp
(
Li1(p

−s)
)

in Re(s) > 0 since Li1(u) = log( 1
1−u

) for |u| < 1. Similarly the function ζp,p(s) in Theorem
2 is written as

ζp,p(s) = exp

(
i

2π
Li2(p

−s)−
(

1− i log p

2π
s

)
Li1(p

−s)

)

in Re(s) > 0. Appearance of such a polylogarithm is characteristic in our multiple Euler
factors. The function ∞∑

m=1

cot(πmα)

m
um

appearing in Theorem 1 is considered as a variation of a polylogarithm (of order 2); see [KW1]
for such a “multiple polylogarithm” (multi-q-log) and its relation to Appell’s O-function.

We prove Theorems 1 and 2 in §2 supplementing [KK1], where the signed double Poisson
summation formula and the theory of multiple sine functions developed in [KK2] are essential.
The main difference from [KK1] is the functional equation not stated there.

From our viewpoint, it is very interesting to see the nature of
∏

p,q ζp,q(s). Unfortunately,
however, it does not converge even for sufficiently large Re(s). Our “α-version” ζα

p,q(s) treated
below remedies the situation. In passing we notice on the analyticity of the diagonal Euler
product shown in §2.

Theorem 3 Let
Z(s) =

∏
p

ζp,p(s).

Then, Z(s) is absolutely convergent in Re(s) > 1, and it has an analytic continuation with
singularities to Re(s) > 0 with the natural boundary Re(s) = 0.

In the later half of this paper we study “the double Riemann zeta function” ζ(s,Z) ⊗
ζ(s,Z) by establishing the signed double explicit formula in the following theorem, which
generalizes the signed double Poisson summation formula used in the proof of Theorems 1
and 2.

For simplicity put ξ(s) = ζ̂(s + 1
2
) = ζ̂(s + 1

2
,Z) for ζ̂(s) = ΓR(s)ζ(s) with ΓR(s) =

π−s/2Γ(s/2). The functional equation of ζ(s) is written as ξ(s) = ξ(−s). We recall that
nontrivial zeros of ζ(s) are zeros in the strip |Re(s− 1

2
)| < 1/2. We denote by 1

2
+ iγ such a

zero, where γ is a complex number in −1/2 < Im(γ) < 1/2.
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Hereafter let h(t) be an odd regular function in |Re(t)| < 1 satisfying h(t) = O(|t|−3) as
|t| → ∞. We put Hα(t) := h(2α + it) and

H̃(u) :=

∫ ∞

−∞
H(t)eitudt.

Theorem 4 Let 1/2 < α < 1. We have

∑

Re(γ1),Re(γ2)>0

H0(γ1 + γ2) =
∑
p,q
p6=q

Hα
p,q +

∑
p

Hα
p,p +

∑
p

Hα
p,∞ +Hα

∞,∞ +Hα
0 ,

where the sum in the left hand side is taken over pairs (1
2

+ iγ1,
1
2

+ iγ2) of nontrivial zeros
of the Riemann zeta function, the sum in the right hand side is taken over pairs of distinct
primes p, q or primes p, and we define for pairs of distinct primes p, q as

Hα
p,q =

i

4π2

∑
m,n

log p log q

log(pmqn)

1

pm(α+ 1
2
)qn(α+ 1

2
)

(
H̃0(−m log p) + H̃0(−n log q)

)
(1.1)

+
i

4π2

∑
m,n

log p log q

log(pm

qn )

1

pm(α+ 1
2
)qn(α+ 1

2
)

(
H̃α(−m log p)− H̃α(−n log q)

)
, (1.2)

and for a prime p,

Hα
p,p =

i

4π2

∑
m,n

log p

(m + n)p(m+n)(α+ 1
2
)

(
H̃0(−m log p) + H̃0(−n log p)

)
(1.3)

+
i

4π2

∑

m6=n

log p

(m− n)p(m+n)(α+ 1
2
)

(
H̃α(−m log p)− H̃α(−n log p)

)
(1.4)

+
1

4π2
(log p)2

∞∑
m=1

p−2m(α+ 1
2
)t̃Hα(t)(−m log p), (1.5)

Hα
p,∞ = − 1

2π2

∞∑
m=1

log p

pm(α+ 1
2
)

∫ ∞

−∞
p−imtHα(t)

∫ t

0

pimt′Γ
′
R

ΓR

(
α +

1

2
+ it′

)
dt′dt (1.6)

− 1

2π2

∞∑
m=1

log p

pm(α+ 1
2
)

∫ ∞

−∞
H0(t)

∫ t

0

Re

(
pim(t−t′) Γ

′
R

ΓR

(
α +

1

2
+ it′

))
dt′dt, (1.7)

Hα
∞,∞ =

1

4π2

∫ ∞

−∞
Hα(t)

∫ t

0

Γ′R
ΓR

(
α +

1

2
+ it1

)
Γ′R
ΓR

(
α +

1

2
+ i(t− t1)

)
dt1dt (1.8)

+
1

4π2

∫ ∞

−∞
H0(t)

∫ t

0

Γ′R
ΓR

(
α +

1

2
+ it1

)
Γ′R
ΓR

(
α +

1

2
− i(t− t1)

)
dt1dt, (1.9)
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and

Hα
0 = −α

π

∫ π

0

∑

Re(γ1)>0

h(iγ1 + αeiθ)
ξ′

ξ
(αeiθ)eiθdθ (1.10)

− α2

4π2

∫ π

0

∫ π

0

h(αeiθ1 + αeiθ2)
ξ′

ξ
(αeiθ1)

ξ′

ξ
(αeiθ2)ei(θ1+θ2)dθ1dθ2, (1.11)

where m,n ∈ Z, m,n ≥ 1.

Notice that only pairs of zeros in the upper (or lower) half plane are counted in the left
hand side of Theorem 4. The method of Cramér [C] is important in the proof: see Deninger
[Den2] and Voros [V] around Cramér’s method.

For defining the (p, q)-Euler factors, we put

h(t) =
1

(t + s)2
− 1

(t− s)2
(1.12)

in Theorem 4. We denote by p, q any (finite or infinite) places. The (p, q)-Euler factor of
the double Riemann zeta function ζ(s,Z)⊗ ζ(s,Z) is defined as follows:

ζα
p,q(s + 1) = exp

(∫∫
Hα

p,q(s)dsds

)
.

We also denote the remainder factor by

ζα
0 (s + 1) = exp

(∫∫
Hα

0 (s)dsds

)
.

Here we notice that these definitions of ζα
p,q(s) and ζα

0 (s) have ambiguities emerged from the
integral constants, that is the factor exp(Q(s)) with Q(s) a polynomial with deg(Q) ≤ 2. We
do not normalize them at first. Rather we normalize them a posteriori after the calculation;
see the remark to Theorem 5 below. The double Riemann zeta function ζ(s,Z)⊗ ζ(s,Z) is
expressed by an Euler product over the pairs of places (p, q).

Theorem 5 The (p, q)-Euler factors of the double Riemann zeta function ζ(s,Z)⊗ ζ(s,Z)
are described as follows:

(1) For distinct prime numbers p and q, we have

ζα
p,q(s)

∼= exp

(
1

πi

∑
m,n

(log p)(log q)

(m log p)2 − (n log q)2

(
cosh(mα log p)

qn(α+ 1
2
)

p−m(s− 1
2
) +

n log q

m log p

sinh(mα log p)

qn(α+ 1
2
)

p−m(s− 1
2
)

−m log p

n log q

sinh(nα log q)

pm(α+ 1
2
)

q−n(s− 1
2
) − cosh(nα log q)

pm(α+ 1
2
)

q−n(s− 1
2
)

) )
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in Re(s) > α + 1
2
, where the sum is taken over all pairs of all positive integers m and n.

It has an analytic continuation to the entire plane.

(2) For a prime number p, we have in Re(s) > α + 1
2

ζα
p,p(s)

∼= exp

(
2

πi

∑

m6=n

p−m(s− 1
2
)−n(α+ 1

2
)

m2 − n2

(
cosh(mα log p) +

n

m
sinh(mα log p)

)
(1.13)

+
1

2πi

(
(log p)(s− 1− 2α) log(1− p−s)− Li2

(
p−s

)
+ Li2

(
p−s−2α

))
)

,(1.14)

which has an analytic continuation to the entire plane.

(3) The (p,∞)-factor ζα
p,∞(s) of the double Riemann zeta function has an analytic continu-

ation to the entire plane, and moreover
∏

p ζα
p,∞(s) has an analytic continuation to the

entire plane with possible singularities at s = 1
2
− 2k ± α (k ≥ 0), 1− 2k (k ≥ 0), −2k

(k ≥ 1), ρ− 2k (k ≥ 0), 1
2

+ ρ± α, 3
2
± α with ρ any nontrivial zero of ζ(s).

(4) The (∞,∞)-factor ζα
∞,∞(s) of the double Riemann zeta function is analytic with possible

singularities at s = −2n, −2n + α + 1
2

with n = 0, 1, 2, ...

After completing the proof of (1)-(3) of Theorem 5 in §4-§6 of the text, we fix ζα
p,q(s) as

calculated there “with the integral constant 0”; in other words we fix ζα
p,q(s) (p 6= q) and

ζα
p,p(s) as in the right hand sides of (1) and (2) of Theorem 5; see §6 concerning ζα

p,∞(s) and∏
p ζα

p,∞(s). In particular we will use these normalized Euler factors for the statement of
Theorem 7 below.

Remark 1.4 To compare ζα
p,q(s) (p 6= q) and ζα

p,p(s) with ζp,q(s) (p 6= q) and ζp,p(s) treated
in Theorem 1 and Theorem 2 respectively, it would be suggestive to take α = −1/2 formally.
For this parameter α, the sums over sinh-terms diverge. We look at the non-sinh parts:

ζ
− 1

2
p,q (s)non-sinh = exp

(
1

πi

∑
m,n

log p log q

(m log p)2 − (n log q)2

(
cosh

(
−m

2
log p

)
p−m(s− 1

2
) − cosh

(
−n

2
log q

)
q−n(s− 1

2
)
))

and

ζ
− 1

2
p,p (s)non-sinh = exp

(
2

πi

∑

m6=n

cosh(−m
2

log p)

m2 − n2
p−m(s− 1

2
)

+
1

2πi

(
(log p)s log(1− p−s)− Li2(p

−s) + Li2(p
−(s−1))

)
)

.

9



Then, the elementary summation

∞∑
n=1

n6=±a

1

a2 − n2
=





π

2a
cot(πa)− 1

2a2
(a ∈ C \ Z)

− 3

4a2
(a ∈ Z \ {0})

implies the followings:

ζ
− 1

2
p,q (s)non-sinh = exp

(
− i

4

∞∑
m=1

cot(πm log p
log q

)

m
p−ms − i

4

∞∑
m=1

cot(πm log p
log q

)

m
p−m(s−1)

− i

4

∞∑
n=1

cot(πn log q
log p

)

n
q−ns − i

4

∞∑
n=1

cot(πn log q
log p

)

n
q−n(s−1)

+
i

4π

log q

log p

(
Li2(p

−s) + Li2(p
−(s−1))

)
+

i

4π

log p

log q

(
Li2(q

−s) + Li2(q
−(s−1))

)
)

and

ζ
− 1

2
p,p (s)non-sinh = exp

(
5i

4π
Li2(p

−s) +
i

4π
Li2(p

−(s−1))− is log p

2π
Li1(p

−s)

)
.

Theorem 6 The remaining factor ζα
0 (s) of the double Riemann zeta function is an analytic

function on C with possible singularities at s = ρ + 1
2

+ sgn(Im(ρ))αeiθ with 0 ≤ θ ≤ π for
any nontrivial zero ρ of ζ(s) and at s belonging to |s− 1| ≤ 2α.

In the next theorem we use the half Riemann zeta function ζ+(s) studied in [HKW] (see §4
of the text) and the multiple gamma function Γr(s) of Barnes [Bar] (see §2 of the text).

Theorem 7 The Euler product for the double Riemann zeta function

ζ(s,Z)⊗ ζ(s,Z) ∼=
(∏

p,q

ζα
p,q(s)

)
ζα
0 (s)




∞∏
m=1

ζ+(s + 2m)

ζ+(s− 1)




2

Γ2

(s

2

)−1

Γ1(s)
2s(s− 2)

is absolutely convergent in Re(s) > α + 3
2
, where (p, q) runs through pairs of all (finite or

infinite) places. It has an analytic continuation (with singularities) to the entire plane and
satisfies a functional equation between s and 2− s.

The construction of the later half of this paper is as follows. Theorem 4 is proved in §3.
Then as an application of Theorem 4, Theorem 5 will be proved in §4-§7: ζα

p,q(s) (p 6= q) is
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treated in §4, ζα
p,p(s) in §5, ζα

p,∞(s) in §6, and ζα
∞,∞(s) in §7. Next, Theorem 6 is shown in §8.

Consequently we prove Theorem 7 in §9. Lastly we briefly notice on remaining problems in
§10.
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2 Proof of Theorems 1, 2 and 3

We recall the multiple sine functions studied in [KK2]. For this purpose we use the multiple
Hurwitz zeta function investigated by Barnes [Bar] just 100 years ago:

ζr(s, z, ω) =
∞∑

n1,...,nr=0

(n1ω1 + · · ·+ nrωr + z)−s

for ω = (ω1, ..., ωr). The definitions of the multiple gamma function and the multiple sine
function are as follows:

Γr(z, ω) = exp

(
∂

∂s
ζr(s, z, ω)

∣∣∣∣
s=0

)

=

(∏∐
n≥0

(n · ω + z)

)−1

,

Sr(z, ω) = Γr(z, ω)−1Γr(ω1 + · · ·+ ωr − z, ω)(−1)r

=

(∏∐
n≥0

(n · ω + z)

)(∏∐
n≥1

(n · ω − z)

)(−1)r−1

.

We write Γr(z) = Γr(z, (1, ..., 1)) and Sr(z) = Sr(z, (1, ..., 1)) for simplicity. When r = 2, we
have ω = (ω1, ω2) and

S2(z, (ω1, ω2)) = Γ2(z, (ω1, ω2))
−1Γ2(ω1 + ω2 − z, (ω1, ω2)).

11



The study of this double sine function was originated by Shintani [Sh] towards the Kro-
necker’s Jugendtraum for a real quadratic field. We obtained the following proposition in
[KK2, Proposition 2.4].

Proposition 2.1 We have an expression:

Sr(z, ω) = eQ!(z)z(z − |ω|)(−1)r−1
∏′

n≥0

Pr

(
− z

n · ω
)

Pr

(
z

(n + 1) · ω
)(−1)r−1

with Q!(z) a polynomial with deg Q! ≤ r, Pr(u) := (1 − u) exp(u + u2

2
+ · · · + ur

r
) and

1 := (1, · · · , 1).

Lemma 2.2

S2(z, ω)S2(−z, ω) = −4 sin

(
πz

ω1

)
sin

(
πz

ω2

)
.

Proof. By the preceding proposition we have

S2(z, ω)S2(−z, ω) ∼= −z2

−z2 + (ω1 + ω2)2

∏′

n≥0

P2

(
− z

n1ω1+n2ω2

)
P2

(
z

n1ω1+n2ω2

)

P2

(
z

(n1+1)ω1+(n2+1)ω2

)
P2

(
− z

(n1+1)ω1+(n2+1)ω2

)

=
−z2

−z2 + (ω1 + ω2)2
P2

(
z

ω1 + ω2

)
P2

(
− z

ω1 + ω2

)

∞∏
n1=1

P2

(
z

n1ω1

)
P2

(
− z

n1ω1

) ∞∏
n2=1

P2

(
z

n2ω2

)
P2

(
− z

n2ω2

)

∼= z2

∞∏
n1=1

(
1− z

n1ω1

)(
1 +

z

n1ω1

) ∞∏
n2=1

(
1− z

n2ω2

)(
1 +

z

n2ω2

)

∼= sin

(
πz

ω1

)
sin

(
πz

ω2

)
.

Thus we put

S2(z, ω)S2(−z, ω) = eQ(z)4 sin

(
πz

ω1

)
sin

(
πz

ω2

)
(2.1)

and will first prove that the polynomial Q(z) is a constant. The periodic property of S2(z, ω)
([KK2, Theorem 2.1(a)])

S2(z + ω1,ω) = S2(z, ω)S1(z, ω2)
−1 = S2(z, ω)

(
2 sin

πz

ω2

)−1

12



shows that

S2(−z − ω1,ω) = S2(−z, ω)S1(−z − ω1, ω2) = S2(−z, ω)

(
−2 sin

π(z + ω1)

ω2

)
.

Substituting z + ω1 for z in (2.1), we have

S2(z, ω)

(
2 sin

πz

ω2

)−1

S2(−z, ω)

(
−2 sin

π(z + ω1)

ω2

)
= −eQ(z+ω1)4 sin

(
πz

ω1

)
sin

(
π(z + ω1)

ω2

)
,

namely

S2(z, ω)S2(−z, ω) = eQ(z+ω1)4 sin

(
πz

ω1

)
sin

(
πz

ω2

)
.

Thus we have eQ(z) = eQ(z+ω1) for any z, which states that Q(z) is a constant.
Next we put

S2(z, ω)S2(−z, ω) = 4C sin

(
πz

ω1

)
sin

(
πz

ω2

)
(2.2)

and will prove that the constant C is equal to −1. We consider the special value at z = ω2/2.
First by [KK2, Remark 2.2],

S2

(ω2

2
, ω

)
=
√

2, (2.3)

and again by the periodicity we have

S2

(
−ω2

2
,ω

)
= S2

(ω2

2
,ω

)
S1

(
−ω2

2
, ω1

)
= 2

√
2 sin

(
−πω2

2ω1

)
.

Hence (2.2) shows that C = −1.

Remark 2.3 The formula (2.3) is an example of algebraic division values of multiple sine
functions. Since the proof of (2.3) is omitted in [KK2, Remark 2.2] we give a proof here. By
definition

S2

(ω2

2
,ω

)
=

Γ2(
ω2

2
+ ω1,ω)

Γ2(
ω2

2
,ω)

.

Here the periodicity of Γ2(x, ω) in the form

Γ2(x + ω1,ω) = Γ2(x, ω)Γ1(x, ω2)
−1

gives

S2

(ω2

2
,ω

)
= Γ1

(ω2

2
, ω2

)−1

.

Then the formula

Γ1(x, ω) =
Γ( x

ω
)√

2π
ω

x
ω
− 1

2

originally due to Lerch implies (2.3).

13



Proof of Theorem 1. The statements (1)-(3) are proved in [KK1], since the main theorem
of [KK1] shows that ζ(s,Fp)⊗ ζ(s,Fq) ∼= ζp,q(s) indeed. We recall that the main ingredient
for the proof of (1)-(3) given in [KK1] is the following signed double Poisson summation
formula.

Proposition 2.4 Let H(t) be an odd function in L1(R) with H(t) = O(t−2) as |t| → ∞,
and put

H̃(u) =

∫ ∞

−∞
H(t)eitudt.

Assume both a/b and b/a are generic and that the test function H(t) satisfies

H̃(x) = O(µx) (2.4)

as x →∞ for some 0 < µ < 1, then we have

∑
m,n>0

H
(
2π

(m

a
+

n

b

))
+

1

2

(∑
m>0

H
(
2π

m

a

)
+

∑
n>0

H
(
2π

n

b

))

= − ia

4π

∑
m>0

cot
(
π

ma

b

)
H̃(ma)− ib

4π

∑
n>0

cot

(
π

nb

a

)
H̃(nb)− iab

8π2
H̃ ′(0). (2.5)

Here we say that a real number α is generic if and only if

lim
m→∞

‖mα‖ 1
m = 1,

where we put ‖x‖ := min{|x− n| : n ∈ Z} for x ∈ R. For example:

(1) If α ∈ (Q ∩R) \Q, then α is generic.

(2) Let x, y ∈ Q ∩ R. If α = log x
log y

6∈ Q, then α is transcendental and generic (Baker [B,

Theorem 3.1], Baker-Wüstholz [BW]).

For our purpose we use the genericity of
log p

log q
and

log q

log p
for distinct primes p and q. We

notice that this property is used even for the proof of convergence in Theorem 1(0): see
[KK1].
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Now we prove (4). By [KK1, Theorem 2], which is obtained via the above signed double
Poisson summation formula, we have for Re(s) > 0

S2

(
is,

(
2π

log p
,

2π

log q

))

= exp

(
1

2i

∞∑
m=1

1

m
cot

(
πm

log p

log q

)
p−ms +

1

2i

∞∑
n=1

1

n
cot

(
πn

log q

log p

)
q−ns

+
1

2
log

(
1− p−s

)
+

1

2
log

(
1− q−s

)

+
is2(log p)(log q)

8π
+

1

4
(log p + log q)s +

πi

12

(
log p

log q
+

log q

log p
+ 3

))

= ζp,q(s) exp

(
− is2(log p)(log q)

8π
+

1

4
(log p + log q)s +

πi

12

(
log p

log q
+

log q

log p
+ 3

))
.

As ζp,q(s) has a meromorphic continuation to all s ∈ C, we also have

S2

(
−is,

(
2π

log p
,

2π

log q

))

= ζp,q(−s) exp

(
−is2(log p)(log q)

8π
− 1

4
(log p + log q)s +

πi

12

(
log p

log q
+

log q

log p
+ 3

))
.

Therefore

ζp,q(s)ζp,q(−s) = S2

(
is,

(
2π

log p
,

2π

log q

))
S2

(
−is,

(
2π

log p
,

2π

log q

))

exp

(
is2(log p)(log q)

4π
− πi

6

(
log p

log q
+

log q

log p
+ 3

))

= S2

(
is,

(
2π

log p
,

2π

log q

))
S2

(
−is,

(
2π

log p
,

2π

log q

))

exp

(
i(log p)(log q)

4π

(
s2 − 2π2

3

(
1

(log q)2
+

1

(log p)2
+

3

(log p)(log q)

)))
.

Hence it suffices to show that

S2

(
is,

(
2π

log p
,

2π

log q

))
S2

(
−is,

(
2π

log p
,

2π

log q

))
= (p

s
2 − p−

s
2 )(q

s
2 − q−

s
2 ).

This is proved in Lemma 2.2.

Proof of Theorem 2. The idea of the proof is the same as the previous one. Properties (1)-(3)
are shown in [KK1]; they easily follow from [KK2] also. Hence it is sufficient to prove (4).
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We first have an expression

ζp,p(s) = S2

(
i log p

2π
s

)
exp

(
i(log p)2

8π
s2 − log p

2
s− 5πi

12

)
.

Then we have

ζp,p(s)ζp,p(−s) = S2

(
i log p

2π
s

)
S2

(
−i log p

2π
s

)
exp

(
i(log p)2

4π
s2 − 5πi

6

)
.

So using
S2(x)S2(−x) = (S2(1 + x)S1(x))(S2(1− x)S1(−x)) = −S1(x)2,

we have

S2

(
i log p

2π
s

)
S2

(
−i log p

2π
s

)
= −S1

(
i log p

2π
s

)2

= ps(1− p−s)2.

Proof of Theorem 3. We use the following result of [KW2].

Proposition 2.5 Let ζr(s) =
∏

p exp (Lir(p
−s)) for an integer r ≥ 2, where Lir(s) =∑∞

n=1
un

nr is the polylogarithm of order r. Then ζr(s) is analytic in Re(s) > 0 with the
natural boundary Re(s) = 0.

Remark 2.6 ζ1(s) is the Riemann zeta function.

Lemma 2.7 The relation between Z(s) and ζ2(s) is given by

Z ′

Z
(s) = − is

2π

(
ζ ′2
ζ2

)′
(s)− ζ ′

ζ
(s).

Proof. From

log ζ2(s) =
∑

p

∑
m

1

m2
p−ms

we obtain
ζ ′2
ζ2

(s) = −
∑

p

∑
m

log p

m
p−ms

and (
ζ ′2
ζ2

)′
(s) =

∑
p

∑
m

(log p)2p−ms.
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On the other hand, from

log Z(s) =
i

2π

∑
p

∑
m

1

m2
p−ms −

∑
p

∑
m

(
1− i log p

2π
s

)
1

m
p−ms

we get

Z ′

Z
(s) = − i

2π

∑
p

∑
m

log p

m
p−ms

+
i

2π

∑
p

∑
m

log p

m
p−ms

+
∑

p

∑
m

(
1− i log p

2π
s

)
(log p)p−ms

=
∑

p

∑
m

(
1− i log p

2π
s

)
(log p)p−ms.

Hence we have

Z ′

Z
(s) = − is

2π

∑
p

∑
m

(log p)2p−ms +
∑

p

∑
m

(log p)p−ms

= − is

2π

(
ζ ′2
ζ2

)′
(s)− ζ ′

ζ
(s).

From this lemma and the result of [KW2], we see that Z(s) is analytic in Re(s) > 0 with
the natural boundary Re(s) = 0 since

(
ζ ′2
ζ2

)′
(s) =

∞∑
m=1


∑

n|m
µ(n)n




(
ζ ′

ζ

)′
(ms)

has double poles at essential zeros of ζ(ms). The above equality is proved as follows. Let
ϕ(s) =

∑
p p−s. Then it is well-known that

ϕ(s) =
∞∑

n=1

µ(n)

n
log ζ(ns).
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Hence

log ζ2(s) =
∑
m

∑
p

1

m2
p−ms

=
∑
m

1

m2
ϕ(ms)

=
∑
m

1

m2

∑
n

µ(n)

n
log ζ(mns)

=
∑
m

1

m2


∑

n|m
µ(n)n


 log ζ(ms).

Thus

ζ ′2
ζ2

(s) =
∞∑

m=1

1

m


∑

n|m
µ(n)n


 ζ ′

ζ
(ms)

and (
ζ ′2
ζ2

)′
(s) =

∞∑
m=1


∑

n|m
µ(n)n




(
ζ ′

ζ

)′
(ms).

3 Signed Double Explicit Formula: Proof of Theorem

4

Lemma 3.1 (1) Let M and N be distinct integers larger than 1. Then

| log M − log N |−1 < 2 min(M, N) ≤ 2
√

MN.

(2) For prime numbers p, q and positive integers m, n satisfying pm 6= qn we have

|m log p− n log q|−1 < 2 min(pm, qn) ≤ 2pm/2qn/2.

(3) Let M and N be distinct positive integers. Then

| log M − log N |−1 <
max(M,N)

|M −N | .
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Proof. Since

log
M

N
≥ log

N + 1

N
= log

(
1 +

1

N

)

for M ≥ N + 1 and

log
M

N
≤ log

N − 1

N
= − log

(
1 +

1

N − 1

)

for M ≤ N − 1, we have

∣∣∣∣log
M

N

∣∣∣∣ ≥ min

{
log

(
1 +

1

N

)
, log

(
1 +

1

N − 1

)}

= log

(
1 +

1

N

)

=

∫ 1/N

0

du

1 + u

>

∫ 1/N

0

du

2

=
1

2N
.

Hence
| log M − log N |−1 < 2N.

By symmetry we have also
| log M − log N |−1 < 2M.

This proves (1). Then (2) is the case M = pm and N = qn in (1).
Finally we show (3) in case of M < N :

| log M − log N |−1 = −
(

log

(
1− N −M

N

))−1

=

( ∞∑

k=1

1

k

(
N −M

N

)k
)−1

<
N

N −M
,

by taking the term with k = 1, since all other terms are positive.

Proof of Theorem 4. Let DT be the region defined by

DT = {s ∈ C | |s| > α, |Re(s)| < α, 0 < Im(s) < T}.
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By Cauchy’s theorem we have

∑

0<Re(γ1),Re(γ2)<T

h(iγ1 + iγ2) =
1

(2πi)2

∫

∂DT

∫

∂DT

h(s1 + s2)
ξ′

ξ
(s1)

ξ′

ξ
(s2)ds1ds2, (3.1)

where the integrals along ∂DT are taken counter clockwise. Considering the limits as T →∞
in the both sides of (3.1), we have

∑

0<Re(γ1),Re(γ2)

h(iγ1 + iγ2) =
1

(2πi)2

∫

∂D

∫

∂D

h(s1 + s2)
ξ′

ξ
(s1)

ξ′

ξ
(s2)ds1ds2, (3.2)

where
D = {s ∈ C | |Re(s)| < α, |s| > α, Im(s) > 0}.

We decompose ∂D = C1 ∪ C2 ∪ C3 with

C1 = {s ∈ ∂D | Re(s) = −α},
C2 = {s ∈ ∂D | |s| = α},
C3 = {s ∈ ∂D | Re(s) = α}.

We compute each double integral Iij = 1
(2πi)2

∫
Ci

∫
Cj

in (3.2).

First we treat the integral along the vertical lines. We compute

I33 =
1

4π2

∫ ∞

0

∫ ∞

0

h(2α + i(t1 + t2))
ξ′

ξ
(α + it1)

ξ′

ξ
(α + it2)dt1dt2

=
1

4π2

∫ ∞

0

h(2α + it)

∫ t

0

ξ′

ξ
(α + it1)

ξ′

ξ
(α + i(t− t1))dt1dt

and

I11 =
1

4π2

∫ 0

∞

∫ 0

∞
h(−2α + i(t1 + t2))

ξ′

ξ
(−α + it1)

ξ′

ξ
(−α + it2)dt1dt2

=
1

4π2

∫ 0

−∞
h(2α + it)

∫ t

0

ξ′

ξ
(α + it1)

ξ′

ξ
(α + i(t− t1))dt1dt.
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Hence

I11 + I33 =
1

4π2

∫ ∞

−∞
h(2α + it)

∫ t

0

ξ′

ξ
(α + it1)

ξ′

ξ
(α + i(t− t1))dt1dt (3.3)

=
1

4π2

∫ ∞

−∞
h(2α + it)

(∫ t

0

Γ′R
ΓR

(
α +

1

2
+ it1

)
Γ′R
ΓR

(
α +

1

2
+ i(t− t1)

)
dt1 (3.4)

+

∫ t

0

Γ′R
ΓR

(
α +

1

2
+ it1

)
ζ ′

ζ

(
α +

1

2
+ i(t− t1)

)
dt1 (3.5)

+

∫ t

0

ζ ′

ζ

(
α +

1

2
+ it1

)
Γ′R
ΓR

(
α +

1

2
+ i(t− t1)

)
dt1 (3.6)

+

∫ t

0

ζ ′

ζ

(
α +

1

2
+ it1

)
ζ ′

ζ

(
α +

1

2
+ i(t− t1)

)
dt1

)
dt. (3.7)

The contribution from (3.4) is equal to (1.8). Next we compute that both (3.5) and (3.6)
are equal to

−
∑

p

∞∑
m=1

log p

pm(α+ 1
2
)
p−imt

∫ t

0

pimt′Γ
′
R

ΓR

(
α +

1

2
+ it′

)
dt′.

Thus we have (1.6).
The contribution from (3.7) is calculated as

1

4π2

∑
p,q,m,n

log p log q

pm(α+ 1
2
)qn(α+ 1

2
)

∫ ∞

−∞
Hα(t)q−nit

∫ t

0

p−mit1qnit1dt1dt.

When p, q, m, n satisfy that pm 6= qn, the integral on t1 is equal to
i(p−mitqnit − 1)

m log p− n log q
, and

the summand is

i log p log q

pm(α+ 1
2
)qn(α+ 1

2
)(m log p− n log q)

∫ ∞

−∞
Hα(t)

(
p−mit − q−nit

)
dt. (3.8)

In case pm = qn, which means p = q and m = n, the integral on t1 is equal to t, and the
summand is

(log p)2

p2m(α+ 1
2
)

∫ ∞

−∞
tHα(t)p−mitdt. (3.9)
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Thus the total contribution from (3.7) to (3.3) is

i

4π2

∑
p,q,m,n
pm 6=qn

log p log q

log(pm

qn )pm(α+ 1
2
)qn(α+ 1

2
)

(
H̃α(−m log p)− H̃α(−n log q)

)

+
1

4π2

∑
p,m

(log p)2

p2m(α+ 1
2
)
t̃Hα(t)(−m log p). (3.10)

Thus we obtain (1.2), (1.4) and (1.5). Here we notice that the absolute convergence of (1.2)
follows from Lemma 3.1.

We calculate I13 and I31 to have

I13 + I31 =
1

4π2

∫ ∞

−∞
h(it)

∫ t

0

ξ′

ξ
(α + it1)

ξ′

ξ
(α− i(t− t1))dt1dt

=
1

4π2

∫ ∞

−∞
h(it)

(∫ t

0

Γ′R
ΓR

(
α +

1

2
+ it1

)
Γ′R
ΓR

(
α +

1

2
− i(t− t1)

)
dt1 (3.11)

+

∫ t

0

Γ′R
ΓR

(
α +

1

2
+ it1

)
ζ ′

ζ

(
α +

1

2
− i(t− t1)

)
dt1 (3.12)

+

∫ t

0

ζ ′

ζ

(
α +

1

2
+ it1

)
Γ′R
ΓR

(
α +

1

2
− i(t− t1)

)
dt1 (3.13)

+

∫ t

0

ζ ′

ζ

(
α +

1

2
+ it1

)
ζ ′

ζ

(
α +

1

2
− i(t− t1)

)
dt1

)
dt. (3.14)

We find that (3.11) is equal to (1.9). Next (3.12) and (3.13) are computed as

(3.12) = − 1

4π2

∞∑
m=1

∑
p

log p

pm(α+ 1
2
)

∫ ∞

−∞
H0(t)

∫ t

0

pim(t−t′) Γ
′
R

ΓR

(
α +

1

2
+ it′

)
dt′dt

and

(3.13) = − 1

4π2

∞∑
m=1

∑
p

log p

pm(α+ 1
2
)

∫ ∞

−∞
H0(t)

∫ t

0

p−im(t−t′) Γ
′
R

ΓR

(
α +

1

2
− it′

)
dt′dt.

Thus (3.12) + (3.13) is equal to (1.7). Finally by taking into account that H0(t) is an odd
function, we have (1.1) and (1.3) from (3.14).

We write the remaining integrals as I2 + I ′2 − I22 with I2 := I21 + I22 + I23 and I ′2 :=
I12 + I22 + I32, and first calculate I2:

I2 =
1

2πi

∫

C2

(
1

2πi

∫

∂D

h(s1 + s2)
ξ′

ξ
(s1)ds1

)
ξ′

ξ
(s2)ds2

=
1

2πi

∫

C2

∑
γ1

h(iγ1 + s2)
ξ′

ξ
(s2)ds2,
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where γ1 runs through the nontrivial zeros of ζ(s) with Re(γ1) > 0 and |Im(γ1)| < α.
Putting s2 = αeiθ, this together with I ′2 makes the term (1.10). Finally the integral I22

becomes (1.11).

In the next corollary we split (1.3) into partial sums over m 6= n and m = n, and combine
the former with (1.1). We also combine (1.2) and (1.4). Put α = 1

2
+ δ with δ > 0.

Corollary 1 For δ > 0 it holds that

∑

Re(γ1),Re(γ2)>0

H0(γ1 + γ2)

=
i

4π2

∑
p,q,m,n
pm 6=qn

log p log q

log(pmqn)

1

pm(1+δ)qn(1+δ)

(
H̃0(−m log p) + H̃0(−n log q)

)
(3.15)

+
i

4π2

∑
p

∞∑
m=1

log p

mp2m(1+δ)
H̃0(−m log p) (3.16)

+
i

4π2

∑
p,q,m,n
pm 6=qn

log p log q

log(pm

qn )

1

pm(1+δ)qn(1+δ)

(
H̃ 1+2δ

2
(−m log p)− H̃ 1+2δ

2
(−n log q)

)
(3.17)

+
1

4π2

∑
p

(log p)2

∞∑
m=1

p−2m(1+δ) ˜(tH 1+2δ
2

(t))(−m log p) (3.18)

− 1

2π2

∑
p

∞∑
m=1

log p

pm(1+δ)

∫ ∞

−∞
H 1+2δ

2
(t)

∫ t

0

pim(t′−t) Γ
′
R

ΓR

(1 + δ + it′)dt′dt (3.19)

− 1

2π2

∑
p

∞∑
m=1

log p

pm(1+δ)

∫ ∞

−∞
H0(t)

∫ t

0

Re

(
pim(t−t′) Γ

′
R

ΓR

(1 + δ + it′)
)

dt′dt (3.20)

+
1

4π2

∫ ∞

−∞
H 1+2δ

2
(t)

∫ t

0

Γ′R
ΓR

(1 + δ + it1)
Γ′R
ΓR

(1 + δ + i(t− t1))dt1dt (3.21)

+
1

4π2

∫ ∞

−∞
H0(t)

∫ t

0

Γ′R
ΓR

(1 + δ + it1)
Γ′R
ΓR

(1 + δ − i(t− t1))dt1dt (3.22)

− 1 + 2δ

2π

∫ π

0

∑

Re(γ1)>0

h(iγ1 + (1
2

+ δ)eiθ)
ξ′

ξ
((1

2
+ δ)eiθ)eiθdθ (3.23)

− (1 + 2δ)2

16π2

∫ π

0

∫ π

0

h((1
2

+ δ)eiθ1 + (1
2

+ δ)eiθ2)
ξ′

ξ
((1

2
+ δ)eiθ1)

ξ′

ξ
((1

2
+ δ)eiθ2)ei(θ1+θ2)dθ1dθ2,

(3.24)

where the sum in the left hand side is taken over pairs (1
2

+ iγ1,
1
2

+ iγ2) of nontrivial zeros
of the Riemann zeta function, p, q denote prime numbers, and m,n ∈ Z, m,n ≥ 1.
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4 ζα
p,q(s): Proof of Theorem 5(1)

The goal of this section is to calculate the factor ζα
p,q(s) of the double Riemann zeta function

for distinct prime numbers p and q. The case p = q and those involving infinite places will
be treated in §5-§7.

We assume Re(s) > 1 + 2δ for δ = α − 1
2

and take the test function h(t) as in (1.12).
Then

H 1+2δ
2

(t) =
1

(it + 1 + 2δ + s)2
− 1

(it + 1 + 2δ − s)2

=
−1

(t− i(1 + 2δ + s))2
+

1

(t− i(1 + 2δ − s))2
, (4.1)

and we compute for x < 0 that

H̃ 1+2δ
2

(x) =

∫ ∞

−∞
H 1+2δ

2
(t)eixtdt

= −2πiRest=(1+2δ−s)i(H 1+2δ
2

(t)eixt)

= 2πxe−x(1+2δ−s),

where we considered the integral along the lower half circle since |eixt| = e−xImt and x < 0.

Lemma 4.1 Let 1/2 < α < 1. For distinct prime numbers p and q, the (p, q)-Euler factor
of ζ̂(s + 1

2
,Z)⊗ ζ̂(s + 1

2
,Z) is given by

exp

(
1

πi

∑
m, n

(log p)(log q)p−m/2q−n/2

(m log p)2 − (n log q)2

(
cosh(mα log p)

pmsqnα
+

n log q

m log p

sinh(mα log p)

pmsqnα
− m log p

n log q

sinh(nα log q)

pmαqns
− cosh(nα log q)

pmαqns

))

where the sum is taken over all pairs of positive integers m and n, and is absolutely convergent
for Re(s) > α− 1

2
.

Proof. Put

L(s) =
∏
ρ1,ρ2

Im(ρ1),Im(ρ2)>0

(
1− s

ρ1 + ρ2

)
exp

(
s

ρ1 + ρ2

+
s2

2(ρ1 + ρ2)2

)
,

where ρ1 and ρ2 run through the upper half zeros of ξ(s) = ζ̂(s + 1
2
). Then we have by

definition

(ξ ⊗ ξ)(s) ∼= L(s)

L(−s)
ζ+(s)−2ζ+(s + 1)−2(s− 1)s2(s + 1) (4.2)
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with

ζ+(s) =
∏

ρ:ζ̂(ρ)=0
Im(ρ)>0

(
1− s

ρ

)
es/ρ

being the half Riemann zeta function introduced in [HKW]. In fact, from

ξ(s) ∼= Z1(s)

Z0(s)Z2(s)

with

Z0(s) = s +
1

2
,

Z1(s) =
∏∐

ζ̂(ρ)=0

(
s−

(
ρ− 1

2

))
,

Z2(s) = s− 1

2

we have

ξ(s)⊗ ξ(s) ∼=
(
Z1(s)⊗ Z1(s)

)× (
Z2(s)⊗ Z1(s)

)−2 × (
Z0(s)⊗ Z1(s)

)−2

× (
Z2(s)⊗ Z2(s)

)× (
Z2(s)⊗ Z0(s)

)2 × (
Z0(s)⊗ Z0(s)

)

with

Z1(s)⊗ Z1(s) ∼= L(s)

L(−s)
,

Z2(s)⊗ Z1(s) ∼= ζ+(s),

Z0(s)⊗ Z1(s) ∼= ζ+(s + 1),

Z2(s)⊗ Z2(s) ∼= s− 1,

Z2(s)⊗ Z0(s) ∼= s,

Z0(s)⊗ Z0(s) ∼= s + 1.

If we put (ξ ⊗ ξ)(s) = eF (s) and

M(s) := ζ+(s)−2ζ+(s + 1)−2(s− 1)s2(s + 1),

it holds that

F ′′(s) =
d

ds

(
L′

L
(−s) +

L′

L
(s) +

M ′

M
(s)

)
.

In other words we have

d

ds

(
L′

L
(−s) +

L′

L
(s)

)
= F ′′(s)− d

ds

M ′

M
(s). (4.3)
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Then the left hand side of Corollary 1 is equal to that of (4.3). Thus it is equal to the
right hand side of Corollary 1, among which the terms (3.15) and (3.17) produce the desired
factors in the theorem. Now we compute that

(3.15) + (3.17)

=
i

4π2

∑
p,m,q,n
pm 6=qn

(log p)(log q)

pm( 1
2
+α)qn( 1

2
+α)

(
H̃α(−m log p)− H̃α(−n log q)

m log p− n log q
+

H̃0(−m log p) + H̃0(−n log q)

m log p + n log q

)
.

The terms in the big parentheses are equal to

1

(m log p)2 − (n log q)2
×

( (
H̃α(−m log p) + H̃0(−m log p)

)
m log p

+
(
H̃α(−m log p)− H̃0(−m log p)

)
n log q

−
(
H̃α(−n log q)− H̃0(−n log q)

)
m log p

−
(
H̃α(−n log q) + H̃0(−n log q)

)
n log q

)
.

Hence

(3.15) + (3.17) =
1

2πi

∑
p,m,q,n
pm 6=qn

(log p)(log q)p−m( 1
2
+α)q−n( 1

2
+α)

(m log p)2 − (n log q)2

(
m2(log p)2p−ms(p2mα + 1) + m(log p)n(log q)p−ms(p2mα − 1)

−m(log p)n(log q)q−ns(q2nα − 1)− n2(log q)2q−ns(q2nα + 1)

)

=
1

πi

∑
p,q,m,n
pm 6=qn

(log p)(log q)p−m/2q−n/2

(m log p)2 − (n log q)2

(
m2(log p)2 cosh(mα log p)

pmsqnα
+ m(log p)n(log q)

sinh(mα log p)

pmsqnα

−m(log p)n(log q)
sinh(nα log q)

pmαqns
− n2(log q)2 cosh(nα log q)

pmαqns

)
.

Integrating twice leads to

1

πi

∑
p,q,m,n
pm 6=qn

(log p)(log q)p−m/2q−n/2

(m log p)2 − (n log q)2

(
cosh(mα log p)

pmsqnα
+

n log q

m log p

sinh(mα log p)

pmsqnα
− m log p

n log q

sinh(nα log q)

pmαqns
− cosh(nα log q)

pmαqns

)
(4.4)
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which is a factor of the double zeta function.
If we shift the variable as s 7→ s− 1 in Lemma 4.1 we get the factor in Theorem 5(1).
Now we show the analytic continuation of ζα

p,q(s) for all s ∈ C. For Re(s) > 0 and β > 0,
let

ϕp,q(s, β) =
∑
m,n

log p log q

(m log p)2 − (n log q)2
p−msq−nβ,

and

ψp,q(s, β) =
∑
m,n

n

m

(log q)2

(m log p)2 − (n log q)2
p−msq−nβ.

Then we have

ζα
p,q(s) = exp

(
1

2πi

(
ϕp,q

(
s + α− 1

2
, α +

1

2

)
+ ϕp,q

(
s− α− 1

2
, α +

1

2

)

−ψp,q

(
s + α− 1

2
, α +

1

2

)
+ ψp,q

(
s− α− 1

2
, α +

1

2

)
+ ϕq,p

(
s + α− 1

2
, α +

1

2

)

+ϕq,p

(
s− α− 1

2
, α +

1

2

)
− ψq,p

(
s + α− 1

2
, α +

1

2

)
+ ψq,p

(
s− α− 1

2
, α +

1

2

)))
.

Hence it is sufficient to show that ϕp,q(s, β) and ψp,q(s, β) are analytic in s ∈ C.
For a generic α ∈ R and any β > 0, we put

Lp,q(s; α, β) =
∑
m,n

p−msq−nβ

m− nα

in Re(s) > 0. The absolute convergence is easily seen from the genericity of α. Moreover,
the integral expression

Lp,q(s; α, β) =

∫ 1

0

dv

(ps − v)(qβvα − 1)

gives the analytic continuation to all s ∈ C. This equality is shown as follows:

∫ 1

0

dv

(ps − v)(qβvα − 1)
=

∫ 1

0

( ∞∑
m=1

p−msvm−1

)( ∞∑
n=1

q−nβv−nα

)
dv

=
∑
m,n

p−msq−nβ

∫ 1

0

vm−nα−1dv

=
∑
m,n

p−msq−nβ

m− nα
.
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Hence if we see that

ϕ′p,q(s, β) = − log q

2

(
Lp,q

(
s;

log q

log p
, β

)
+ Lp,q

(
s;− log q

log p
, β

))

and

ψ′p,q(s, β) = − log q

2

(
Lp,q

(
s;

log q

log p
, β

)
− Lp,q

(
s;− log q

log p
, β

))
,

then we would have the analytic continuation of ϕp,q(s, β) and ψp,q(s, β) for all s ∈ C. To
prove these identities notice first that:

Lp,q (s; α, β) + Lp,q (s;−α, β) =
∑
m,n

(
1

m− nα
+

1

m + nα

)
p−msq−nβ

=
∑
m,n

2m

m2 − n2α2
p−msq−nβ

and

Lp,q (s; α, β)− Lp,q (s;−α, β) =
∑
m,n

(
1

m− nα
− 1

m + nα

)
p−msq−nβ

=
∑
m,n

2nα

m2 − n2α2
p−msq−nβ.

Thus

ϕ′p,q(s, β) = −
∑
m,n

m(log p)2 log q

(m log p)2 − (n log q)2
p−msq−nβ

= − log q

2

∑
m,n

2m

m2 − n2( log q
log p

)2
p−msq−nβ

= − log q

2

(
Lp,q

(
s;

log q

log p
, β

)
+ Lp,q

(
s;− log q

log p
, β

))

and

ψ′p,q(s, β) = −
∑
m,n

n(log q)2 log p

(m log p)2 − (n log q)2
p−msq−nβ

= − log q

2

∑
m,n

2n( log q
log p

)

m2 − n2( log q
log p

)2
p−msq−nβ

= − log q

2

(
Lp,q

(
s;

log q

log p
, β

)
− Lp,q

(
s;− log q

log p
, β

))
.

This completes the proof of the analytic continuation of ζα
p,q(s).
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5 ζα
p,p(s): Proof of Theorem 5(2)

The (p, p)-factors are the sum of the contributions of four terms (3.15)-(3.18) in case of p = q.
For (3.15) and (3.17), we compute in the same way as in the previous theorem to get by
putting p = q

exp

(
1

πi

∑

m6=n

p−(m+n)/2

m2 − n2

(
cosh(mα log p)

pms+nα
+

n

m

sinh(mα log p)

pms+nα
− m

n

sinh(nα log p)

pmα+ns
− cosh(nα log p)

pmα+ns

))

= exp

(
2

πi

∑

m6=n

p−m( 1
2
+s)−n( 1

2
+α)

m2 − n2

(
cosh(mα log p) +

n

m
sinh(mα log p)

))
.

The shift s 7→ s− 1 gives the first line (1.13).
Next we calculate the contributions from (3.16) and (3.18). By taking the test function

(4.1), we compute

(3.16) =
1

2πi

∑
p

∞∑
m=1

(log p)2p−m(s+2(1+δ)).

Thus ∫∫
(3.16)dsds =

1

2πi

∑
p

Li2
(
p−(s+1+2α)

)
.

The shift s 7→ s− 1 leads to the last term in (1.14).
Next the calculation for (3.18) shows

(3.18) =
1

2πi

∑
p

(log p)2

∞∑
m=1

(1 + (s− 1− 2δ)(−m log p))p−m(s+1),

where we compute

H̃ ′
α(x) = it̃Hα(x) = 2π(1 + (s− 2α)x)ex(s−2α).

By partial integration

∫
(3.18)ds =

1

2πi

∑
p

(log p)2

∞∑
m=1

((
1

−m log p
+ s− 1− 2δ

)
p−m(s+1) −

∫
p−m(s+1)ds

)

=
1

2πi

∑
p

(log p)2

∞∑
m=1

(s− 1− 2δ) p−m(s+1).
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Hence

∫∫
(3.18)dsds =

1

2πi

∑
p

(log p)2

∞∑
m=1

(
s− 1− 2δ

−m log p
p−m(s+1) −

∫
1

−m log p
p−m(s+1)ds

)

=
1

2πi

∑
p

∞∑
m=1

(
− log p

m
p−m(s+1)(s− 1− 2δ)− 1

m2
p−m(s+1)

)

=
1

2πi

∑
p

(
(log p)

(
log

(
1− p−(s+1)

))
(s− 1− 2δ)− Li2

(
p−(s+1)

))
.

Thus we determined the form of ζα
p,p(s). The analytic continuation of ζα

p,p(s) is given as
follows. We decompose ζα

p,p(s) into two parts

ζα
p,p(s) = Z1(s)Z2(s)

with

Z1(s) = exp

(
2

πi

∑

m6=n

p−m(s− 1
2
)−n(α+ 1

2
)

m2 − n2

(
cosh(mα log p) +

n

m
sinh(mα log p)

))

and

Z2(s) = exp

(
1

2πi

(
(s− 1− 2α) log p log(1− p−s)− Li2(p

−s) + Li2(p
−s−2α)

))
.

We start with Z2(s) since it is treated directly by Theorem 2. In fact,

exp

(
− 1

2πi
Li2(p

−s)

)
= ζp,p(s) exp

(
−

(
1 +

log p

2πi
s

)
log(1− p−s)

)

and

exp

(
1

2πi
Li2(p

−s−2α)

)
= ζp,p(s + 2α)−1 exp

((
1 +

log p

2πi
(s + 2α)

)
log(1− p−s−2α)

)

imply that

Z2(s) = ζp,p(s)ζp,p(s + 2α)−1 exp

(
−

(
1 +

log p

2πi
(1 + 2α)

)
log(1− p−s)

+

(
1 +

log p

2πi
(s + 2α)

)
log(1− p−s−2α)

)
,

so Z2(s) is analytic in s ∈ C from Theorem 2(1).
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Next we look at Z1(s). For Re(s) > 0 and β > 0, let

ϕp(s, β) =
∑

m6=n

p−ms−nβ

m2 − n2

and

ψp(s, β) =
∑

m6=n

n

m

p−ms−nβ

m2 − n2
.

Then we have

Z1(s) = exp

(
2

πi

∑

m6=n

p−m(s− 1
2
)−n(α+ 1

2
)

m2 − n2

(
pmα + p−mα

2
+

n

m

pmα − p−mα

2

))

= exp

(
1

πi

(
ϕp

(
s + α− 1

2
, α +

1

2

)
+ ϕp

(
s− α− 1

2
, α +

1

2

)

+ ψp

(
s− α− 1

2
, α +

1

2

)
− ψp

(
s + α− 1

2
, α +

1

2

)))
.

Hence it is sufficient to show the analyticity of ϕp(s, β) and ψp(s, β) in s ∈ C. Now, putting

L−p (s, β) =
∑

m6=n

p−ms−nβ

m− n

and

L+
p (s, β) =

∑

m6=n

p−ms−nβ

m + n

we see that

ϕ′p(s, β) =
∑

m6=n

−m(log p)p−ms−nβ

m2 − n2

= − log p

2

(
L−p (s, β) + L+

p (s, β)
)

and

ψ′p(s, β) =
∑

m6=n

−n(log p)p−ms−nβ

m2 − n2

= − log p

2

(
L−p (s, β)− L+

p (s, β)
)
.
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Thus our task is to show that L−p (s, β) and L+
p (s, β) have analytic continuations to all s ∈ C.

We show the needed analyticity by giving the following expressions:

L−p (s, β) =
1

1− ps+β
log

(
1− p−s

1− p−β

)

and

L+
p (s, β) =

1

2
log(1− p−s−β) +

1

1− pβ−s
log(1− p−s) +

1

1− ps−β
log(1− p−β).

These expressions are obtained by direct calculations:

L−p (s, β) =
∑
m>n

p−ms−nβ

m− n
+

∑
m<n

p−ms−nβ

m− n

=
∞∑

n=1

∞∑

k=1

p−ks−n(s+β)

k
−

∞∑
m=1

∞∑

l=1

p−m(s+β)−lβ

l

= − log(1− p−s)
p−(s+β)

1− p−(s+β)
+ log(1− p−β)

p−(s+β)

1− p−(s+β)

=
1

1− ps+β
log

(
1− p−s

1 + p−β

)
.

and

L+
p (s, β) =

∑
m,n≥1

p−ms−nβ

m + n
−

∞∑
m=1

p−m(s+β)

2m

=
∞∑

l=2

1

l

(
p−(l−1)s−β + · · ·+ p−s−(l−1)β

)− 1

2

∞∑
m=1

1

m
p−m(s+β)

=
∞∑

l=2

1

l
p−s−β p−(l−1)s − p−(l−1)β

p−s − p−β
+

1

2
log(1− p−s−β)

=
∞∑

l=1

1

l
p−s−β p−(l−1)s − p−(l−1)β

p−s − p−β
+

1

2
log(1− p−s−β)

= − p−β

p−s − p−β
log(1− p−s) +

p−s

p−s − p−β
log(1− p−β) +

1

2
log(1− p−s−β)

=
1

2
log(1− p−s−β) +

1

1− pβ−s
log(1− p−s) +

1

1− ps−β
log(1− p−β).

Thus we proved the analyticity of ζα
p,p(s) for all s ∈ C.

Remark 5.1 We must distinguish L−p (s, β) from “Lp,p(s; 1, β)” carefully. In fact “Lp,p(s; 1, β)”
diverges.
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6 ζα
p,∞(s): Proof of Theorem 5(3)

We calculate ζα
p,∞(s), and moreover we describe the analyticity and possible singularities of∏

p ζα
p,∞(s).

We first deal with (3.19) by using the formula

Γ′R
ΓR

(s) = −1

2
log π − γ

2
− 1

s
−

∞∑

k=1

(
1

s + 2k
− 1

2k

)

with γ the Euler constant. We begin with the calculation of the integral on t′ in (3.19):

∫ t

0

pimt′Γ
′
R

ΓR

(1 + δ + it′)dt′

=

∫ t

0

pimt′
(
−1

2
log π − γ

2
− 1

1 + δ + it′
−

∞∑

k=1

(
1

1 + δ + it′ + 2k
− 1

2k

))
dt′. (6.1)

We divide the integral (6.1) into three parts. First we compute

∫ t

0

pimt′
(
−1

2
log π − γ

2

)
dt′ =

(
−1

2
log π − γ

2

)
pimt − 1

im log p

= i

(
1

2
log π +

γ

2

)
pimt − 1

m log p
. (6.2)

Secondly we have by putting t′′ = 1 + δ + it′

−
∫ t

0

pimt′

1 + δ + it′
dt′ = −

∫ it+1+δ

1+δ

pm(t′′−1−δ)

t′′
dt′′

i

= i

∫ it+1+δ

1+δ

∞∑
n=0

an(t′′)n−1dt′′

= i

(
a0 log

it + 1 + δ

1 + δ
+

∞∑
n=0

an+1
(it + 1 + δ)n+1 − (1 + δ)n+1

n + 1

)
(6.3)

with the expansion pm(t′′−1−δ) =
∑∞

n=0 an(t′′)n with an = pm(−1−δ)(m log p)n/n!.
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Next we calculate by putting t′′ = 1 + δ + it′ + 2k

−
∫ t

0

pimt′
∞∑

k=1

(
1

1 + δ + it′ + 2k
− 1

2k

)
dt′

= −
∞∑

k=1

p−2mk

∫ it+1+δ+2k

1+δ+2k

pm(t′′−1−δ)

(
1

t′′
− 1

2k

)
dt′′

i

= i

∞∑

k=1

p−2mk

∞∑
n=0

an

∫ it+1+δ+2k

1+δ+2k

(
(t′′)n−1 − (t′′)n

2k

)
dt′′

= i

∞∑

k=1

p−2mk

(
a0 log

it + 1 + δ + 2k

1 + δ + 2k
+

∞∑
n=0

(
an+1 − an

2k

) ∫ it+1+δ+2k

1+δ+2k

(t′′)ndt′′
)

= i

∞∑

k=1

p−2mk

(
a0 log

it + 1 + δ + 2k

1 + δ + 2k
+

∞∑
n=0

(
an+1 − an

2k

) (it + 1 + δ + 2k)n+1 − (1 + δ + 2k)n+1

n + 1

)
.

(6.4)

By (6.2), (6.3), (6.4), we deduce that (3.19) is equal to

− i

2π2

∑
p

∞∑
m=1

log p

pm(1+δ)

∫ ∞

−∞
H 1+2δ

2
(t)p−imt

((
1

2
log π +

γ

2

)
pimt − 1

m log p

+
∞∑

k=0

p−2mk

(
a0 log

it + 1 + δ + 2k

1 + δ + 2k
+

∞∑
n=0

an,k
(it + 1 + δ + 2k)n+1 − (1 + δ + 2k)n+1

n + 1

))
dt

with an,0 = an+1 and an,k = an+1 − an

2k
for k ≥ 1. For avoiding the singular point t =

i(1 + δ + 2k) in the log term, we calculate the integral by integrating along the lower half
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circle. It encircles the double pole t = −i(s− 1− 2δ) of (4.1). Thus (3.19) is equal to

1

π

∑
p

∞∑
m=1

log p

pm(1+δ)
Rest=−i(s−1−2δ)

p−imt

(t + i(s− 1− 2δ))2

((
1

2
log π +

γ

2

)
pimt − 1

m log p

+
∞∑

k=0

p−2mk

(
a0 log

it + 1 + δ + 2k

1 + δ + 2k
+

∞∑
n=0

an,k
(it + 1 + δ + 2k)n+1 − (1 + δ + 2k)n+1

n + 1

))

=
1

π

∑
p

∞∑
m=1

log p

pm(1+δ)

d

dt

∣∣∣∣
t=−i(s−1−2δ)

p−imt

((
1

2
log π +

γ

2

)
pimt − 1

m log p

+
∞∑

k=0

p−2mk

(
a0 log

it + 1 + δ + 2k

1 + δ + 2k
+

∞∑
n=0

an,k
(it + 1 + δ + 2k)n+1 − (1 + δ + 2k)n+1

n + 1

))

=
1

π

∑
p

∞∑
m=1

log p

pm(s−δ)

(
−im(log p)

((
1

2
log π +

γ

2

)
pm(s−1−2δ) − 1

m log p

+
∞∑

k=0

p−2mk

(
a0 log

s− δ + 2k

1 + δ + 2k
+

∞∑
n=0

an,k
(s− δ + 2k)n+1 − (1 + δ + 2k)n+1

n + 1

))

+i

((
1

2
log π +

γ

2

)
pm(s−1−2δ) +

∞∑

k=0

p−2mk

(
a0

s− δ + 2k
+

∞∑
n=0

an,k(s− δ + 2k)n

)))

=
1

π

∑
p

∞∑
m=1

log p

pm(s−δ)

(
i

(
1

2
log π +

γ

2

)
− im(log p)a0

∞∑

k=0

p−2mk log
s− δ + 2k

1 + δ + 2k
(6.5)

−im(log p)
∞∑

k=0

p−2mk

∞∑
n=0

an,k
(s− δ + 2k)n+1 − (1 + δ + 2k)n+1

n + 1
(6.6)

+i

∞∑

k=0

p−2mk

(
a0

s− δ + 2k
+

∞∑
n=0

an,k(s− δ + 2k)n

))
. (6.7)

We compute the sum over p and m in (6.5)-(6.7). Since

ζ ′

ζ
(s) = −

∑
p

∞∑
m=1

log p

pms

and (
ζ ′

ζ

)′
(s) =

∑
p

∞∑
m=1

m(log p)2

pms
,

(6.5) is equal to

− i

π

((
1

2
log π +

γ

2

)
ζ ′

ζ
(s− δ) +

∞∑

k=0

(
ζ ′

ζ

)′
(s + 2k + 1) log

s− δ + 2k

1 + δ + 2k

)
. (6.8)
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As we also have
dr

dsr

ζ ′

ζ
(s) = (−1)r−1

∑
p

∞∑
m=1

mr(log p)r+1

pms
,

(6.6) is equal to

−i

π

∑
p

∞∑
m=1

m(log p)2

pm(s−δ)

∞∑

k=0

p−2mk

∞∑
n=0

(
an+1 − an

2k

) (s− δ + 2k)n+1 − (1 + δ + 2k)n+1

n + 1

=
−i

π

∞∑

k=0

∞∑
n=0

(s− δ + 2k)n+1 − (1 + δ + 2k)n+1

n + 1
(

1

(n + 1)!

∑
p

∞∑
m=1

mn+2(log p)n+3

pm(s+2k+1)
− 1

2k(n!)

∑
p

∞∑
m=1

mn+1(log p)n+2

pm(s+2k+1)

)

=
−i

π

∞∑

k=0

∞∑
n=0

(s− δ + 2k)n+1 − (1 + δ + 2k)n+1

n + 1
(

(−1)n+1

(n + 1)!

(
ζ ′

ζ

)(n+2)

(s + 2k + 1)− (−1)n

2k(n!)

(
ζ ′

ζ

)(n+1)

(s + 2k + 1)

)
, (6.9)

where we used the convention that an/2k = 0 if k = 0. Finally (6.7) is

i

π

∑
p

∞∑
m=1

log p

pm(s−δ)

∞∑

k=0

p−2mk

(
a0

s− δ + 2k
+

∞∑
n=0

an,k(s− δ + 2k)n

)

=
i

π

∑
p

∞∑
m=1

log p

pm(s+1)

∞∑

k=0

p−2mk

(
1

s− δ + 2k
+

∞∑
n=0

(
(m log p)n+1

(n + 1)!
− (m log p)n

2k(n!)

)
(s− δ + 2k)n

)

=
i

π

∞∑

k=0

(
1

s− δ + 2k

∑
p

∞∑
m=1

log p

pm(s+2k+1)

+
∞∑

n=0

(s− δ + 2k)n

(
1

(n + 1)!

∑
p

∞∑
m=1

mn+1(log p)n+2

pm(s+2k+1)
− 1

2k(n!)

∑
p

∞∑
m=1

mn(log p)n+1

pm(s+2k+1)

))

=
i

π

∞∑

k=0

( −1

s− δ + 2k

ζ ′

ζ
(s + 2k + 1)

+
∞∑

n=0

(s− δ + 2k)n

(
(−1)n

(n + 1)!

(
ζ ′

ζ

)(n+1)

(s + 2k + 1)− (−1)n−1

2k(n!)

(
ζ ′

ζ

)(n)

(s + 2k + 1)

))

(6.10)

36



Integrating (6.8)-(6.10) twice gives a function in s which is analytic except at s = δ − 2k
(k ≥ 0), −2k (k ≥ 0), −1 − 2k (k ≥ 1), −1 + ρ − 2k (k ≥ 0), δ + ρ and δ + 1. Writing in
terms of α = 1

2
+ δ and the shift s 7→ s − 1 lead to possible singularities at s = 1

2
− 2k + α

(k ≥ 0), 1− 2k (k ≥ 0), −2k (k ≥ 1), ρ− 2k (k ≥ 0), 1
2

+ ρ + α and 3
2

+ α.
Treating (3.20) similarly we have singularities of

∏
p ζα

p,∞(s) at s = 1
2
− 2k−α, 1

2
+ ρ−α

and 3
2
− α.

7 ζα
∞,∞(s): Proof of Theorem 5(4)

Lemma 7.1 We have the following formula on an indefinite integral:

∫
log x

ax + b
dx =





1

a

(
log

(
1 +

a

b
x
)

log x + Li2

(
−a

b
x
))

+ C

(
|x| <

∣∣∣∣
b

a

∣∣∣∣
)

1

a

(
log

(
1 +

b

ax

)
log x− bLi2

(
− b

ax

)
+

(log x)2

2

)
+ C,

(
|x| >

∣∣∣∣
b

a

∣∣∣∣
)

where a and b are nonzero complex numbers. In particular it is an analytic function in x
except at x = 0, −b/a.

Proof. We first note that for |x| < 1

d

dx
Li2(x) =

d

dx

∞∑

k=1

xk

k2
=

∞∑

k=1

xk−1

k
=

1

x

∞∑

k=1

xk

k
= − log(1− x)

x
.

Hence when |x| < | b
a
|, by differentiating the right hand side of Lemma,

d

dx
(R.H.S) =

1

a

(
a/b

1 + a
b
x

log x + log
(
1 +

a

b
x
) 1

x
− log(1 + a

b
x)

−a
b
x

(
−a

b

))

=
log x

ax + b
.

We similarly compute for the case |x| > | b
a
|.

Put

εn =





1

2n
(n = 1, 2, 3, ...)

− log π

2
− γ

2
(n = 0)

and we use the expansion

Γ′R
ΓR

(s) = −
∞∑

k=0

(
1

s + 2k
− εk

)
.
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The integral on t1 in (3.21) is

∫ t

0

∞∑
n=0

(
1

2n + 1 + δ + it1
− εn

) ∞∑
m=0

(
1

2m + 1 + δ + i(t− t1)
− εm

)
dt1.

The quadratic term in t1 is calculated as follows:

∫ t

0

1

2n + 1 + δ + it1

1

2m + 1 + δ + i(t− t1)
dt1

=
1

2(m + n + 1 + δ) + it

∫ t

0

(
1

2n + 1 + δ + it1
+

1

2m + 1 + δ + i(t− t1)

)
dt1

=
−i

2(m + n + 1 + δ) + it

(
log

2n + 1 + δ + it

2n + 1 + δ
− log

2m + 1 + δ

2m + 1 + δ + it

)

=
−i

2(m + n + 1 + δ) + it
log

((
1 +

it

2n + 1 + δ

)(
1 +

it

2m + 1 + δ

))
.

Its contribution to (3.21) is

1

4π2

∫ ∞

−∞
H 1+2δ

2
(t)

∞∑
m,n=0

−i

2(m + n + 1 + δ) + it
log

((
1 +

it

2n + 1 + δ

)(
1 +

it

2m + 1 + δ

))
dt

=
−i

2π
Rest=−i(s−1−2δ)

1

(t− i(1 + 2δ − s))2

∞∑
m,n=0

−i

2(m + n + 1 + δ) + it
log

((
1 +

it

2n + 1 + δ

)(
1 +

it

2m + 1 + δ

))

=
−1

2π

d

dt

∣∣∣∣
t=−i(s−1−2δ)

∞∑
m,n=0

1

2(m + n + 1 + δ) + it
log

((
1 +

it

2n + 1 + δ

)(
1 +

it

2m + 1 + δ

))

=
−1

2π

∞∑
m,n=0

( −i

(2(m + n + 1 + δ) + it)2
log

((
1 +

it

2n + 1 + δ

)(
1 +

it

2m + 1 + δ

))

+
1

2(m + n + 1 + δ) + it

(
i

2n + 1 + δ + it
+

i

2m + 1 + δ + it

))∣∣∣∣
t=−i(s−1−2δ)

=
−1

2π

∞∑
m,n=0

( −i

(2(m + n) + 1 + s)2
log

((
1 +

s− 1− 2δ

2n + 1 + δ

)(
1 +

s− 1− 2δ

2m + 1 + δ

))

+
1

2(m + n) + 1 + s

(
i

s + 2n− δ
+

i

s + 2m− δ

))

=
−i

2π

∞∑
m,n=0

d

ds

(
1

2(m + n) + 1 + s
log

((
1 +

s− 1− 2δ

2n + 1 + δ

)(
1 +

s− 1− 2δ

2m + 1 + δ

)))
.
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Thus∫
(the quadratic part in (3.21))ds

=
−i

2π

∞∑
m,n=0

1

2(m + n) + 1 + s
log

((
1 +

s− 1− 2δ

2n + 1 + δ

)(
1 +

s− 1− 2δ

2m + 1 + δ

))
.

By putting x = 1 + s−1−2δ
2n+1+δ

, it follows that

1

2(m + n) + 1 + s
log

(
1 +

s− 1− 2δ

2n + 1 + δ

)
=

log x

ax + b
(7.1)

with a = 2n + 1 + δ and b = 2m + 1 + δ. By lemma 7.1 its indefinite integral is analytic in
s except at s = −2n + δ and s = −2n− 1. The shift s 7→ s− 1 leads us to the singularities
at s = −2n + δ + 1 and s = −2n.

Next we deal with non-quadratic parts in (3.21). Their contributions to (3.21) are

1

4π2

∫ ∞

−∞
H 1+2δ

2
(t)

∫ t

0

∞∑
m,n=0

( −εn

2m + 1 + δ + i(t− t1)
+

−εm

2n + 1 + δ + it1
+ εmεn

)
dt1dt

=
1

4π2

∫ ∞

−∞
H 1+2δ

2
(t)

∞∑
m,n=0

(
−iεn log

2m + 1 + δ

2m + 1 + δ + it

+iεm log
2n + 1 + δ + it

2n + 1 + δ
+ εmεnt

)
dt

=
−i

2π
Rest=−i(s−1−2δ)

1

(t− i(1 + 2δ − s))2

∞∑
m,n=0

(
iεn log

2m + 1 + δ + it

2m + 1 + δ

+iεm log
2n + 1 + δ + it

2n + 1 + δ
+ εmεnt

)

=
−i

2π

d

dt

∣∣∣∣
t=−i(s−1−2δ)

∞∑
m,n=0

(
iεn log

2m + 1 + δ + it

2m + 1 + δ

+iεm log
2n + 1 + δ + it

2n + 1 + δ
+ εmεnt

)

=
−i

2π

∞∑
m,n=0

( −εn

2m + 1 + δ + it
+

−εm

2n + 1 + δ + it
+ εmεn

)∣∣∣∣
t=−i(s−1−2δ)

=
−i

2π

∞∑
m,n=0

( −εn

2m− δ + s
+

−εm

2n− δ + s
+ εmεn

)
.

By integrating twice, we see that the resulting function is analytic except at s = −2n + δ
with n = 0, 1, 2, ...

This completes the proof of Theorem 5(4) and thus Theorem 5.
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8 ζα
0 (s): Proof of Theorem 6

We first deal with (1.10):

−α

π

∑

Re(γ)>0

∫ π

0

(
1

(iγ + αeiθ + s)2
− 1

(iγ + αeiθ − s)2

)
ξ′

ξ
(αeiθ)eiθdθ.

This function in s is holomorphic in Re(s) > 1
2

+ α, and it has an analytic continuation to
all s ∈ C except for possible singularities on ±C(γ) with

C(γ) = {iγ + αeiθ | 0 ≤ θ ≤ π}.

Next we deal with (1.11), which is equal to

− α2

4π2

∫ π

0

∫ π

0

(
1

(αeiθ1 + αeiθ2 + s)2
− 1

(αeiθ1 + αeiθ2 − s)2

)
ξ′

ξ
(αeiθ1)

ξ′

ξ
(αeiθ2)ei(θ1+θ2)dθ1dθ2.

The integrand is a bounded function in θ1 and θ2 for any fixed s, and thus the integral defines
an analytic function for all s ∈ C except for possible singularities in |s| ≤ 2α.

The shift s 7→ s− 1 leads to the desired result.

9 ζ(s,Z)⊗ ζ(s,Z): Proof of Theorem 7

We first prove the absolute convergence of the multiple Euler product. Then other properties
follow from our previous discussions noting that

ζ̂(s,Z)⊗ ζ̂(s,Z) = (ζ(s,Z)⊗ ζ(s,Z))(ζ(s,Z)⊗ ΓR(s))2(ΓR(s)⊗ ΓR(s)).

We see the convergence from the following lemma.

Lemma 9.1 Let σ > α + 3
2
. Then:

(1) ∑

p6=q

∑
m,n≥1

(log p)(log q)

|(m log p)2 − (n log q)2|
pmα

qn(α+ 1
2
)
p−m(σ− 1

2
) < ∞.

(2) ∑

p6=q

∑
m,n≥1

n

m
(log q)2 1

|(m log p)2 − (n log q)2|
pmα

qn(α+ 1
2
)
p−m(σ− 1

2
) < ∞.

In the proof we use the following lemma.
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Lemma 9.2 Let a > 0 and w > 0. Then

∞∑

l=1

1

l
(a + l)−w < 2−wa−w/2w + 2

w
.

Proof.

∞∑

l=1

1

l
(a + l)−w <

∞∑

l=1

1

l

(
2
√

al
)−w

= 2−wa−w/2

∞∑

l=1

l−1−w
2

= 2−wa−w/2ζ
(
1 +

w

2

)

< 2−wa−w/2 1 + w
2

w
2

= 2−wa−w/2w + 2

w
.

Here we used the inequality ζ(s) < s/(s− 1) for s > 1.

Proof of Lemma 9.1. We first prove (1). From Lemma 3.1(3) and the fact that

|m log p + n log q| > 1,

It suffices to prove for σ > α + 3
2

that

A :=
∑

p,q,m,n
pm>qn

pm

pm − qn
q−n(α+ 1

2
)p−m(σ−α− 1

2
) < ∞ (9.1)

and that

B :=
∑

p,q,m,n
pm<qn

qn

qn − pm
q−n(α+ 1

2
)p−m(σ−α− 1

2
) < ∞, (9.2)
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since the factors log p, log q, m and n are easily treated by differentiation (or directly). For
proving (9.1) we have by putting l = pm − qn ≥ 1 and by Lemma 9.2

∑
p,q,m,n
pm>qn

pm

pm − qn
p−maq−nb <

∑
q,n

∞∑

l=1

l + qn

l
(l + qn)−aq−nb

=
∑
q,n

( ∞∑

l=1

1

l
(qn + l)−(a−1)

)
q−nb

<
∑
q,n

2−(a−1) a + 1

a− 1
q−

n
2
(a−1)q−nb

= 2−(a−1) a + 1

a− 1

∑
q,n

q−(a−1
2

+b)n

< ∞ (9.3)

if a−1
2

+ b > 1 and a > 1, which is equivalently a + 2b > 3 and a > 1. We obtain (9.1) by
putting a = σ − α− 1

2
and b = α + 1

2
.

Next for proving (9.2) we similarly have by putting l = qn − pm ≥ 1

∑
p,q,m,n
pm<qn

qn

qn − pm
p−maq−nb <

∑
p,m

∞∑

l=1

l + pm

l
(l + pm)−bp−ma

=
∑
p,m

( ∞∑

l=1

1

l
(pm + l)−(b−1)

)
p−ma

≤
∑
p,m

2−(b−1) b + 1

b− 1
p−( b−1

2
+a)m

< ∞

if b−1
2

+ a > 1 and b > 1, which is equivalently 2a + b > 3 and b > 1. We obtain (9.2) by
putting a = σ − α− 1

2
and b = α + 1

2
. This completes the proof of (1).

By considering ∂
∂b

(9.3), we similarly have (2). Hence Lemma 9.1.
Now we calculate the multiple Euler product expression. From

ζ̂(s,Z) = ζ(s,Z)ΓR(s)

we have

ζ̂(s,Z)⊗ ζ̂(s,Z) = (ζ(s,Z)⊗ ζ(s,Z)) (ζ(s,Z)⊗ ΓR(s))2 (ΓR(s)⊗ ΓR(s))
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with

ΓR(s)⊗ ΓR(s) ∼=
∏∐

m,n≥0

(s + 2m + 2n)

∼=
∏∐

m,n≥0

(
s

2
+ m + n)

∼= Γ2

(s

2

)−1

and

ζ(s,Z)⊗ ΓR(s) ∼=

 ∏∐

ζ̂(ρ)=0

(s− ρ)
∞∏∐

n=1

(s + 2n)× (s− 1)−1


⊗

(∏∐
m≥0

(s + 2m)

)−1

∼=

 ∏∐

ζ̂(ρ)=0

(s− ρ)⊗
∏∐
m≥0

(s + 2m)−1




( ∞∏∐
n=1

(s + 2n)⊗
∏∐
m≥0

(s + 2m)−1

)

(
(s− 1)−1 ⊗

∏∐
m≥0

(s + 2m)−1

)

∼=

 ∏∐

ρ,m
Im(ρ)>0

(s− (ρ− 2m))



−1




∏∐
n≥1
m≥0

(s + 2(n + m))




−1

∏∐
m≥0

(s + 2m− 1)

∼=
∞∏

m=0

ζ+(s + 2m)−1Γ2

(
s + 2

2

)
Γ1

(
s− 1

2

)−1

.

Thus

ζ(s,Z)⊗ ζ(s,Z) =
(
ζ̂(s,Z)⊗ ζ̂(s,Z)

)
(ζ(s,Z)⊗ ΓR(s))−2 (ΓR(s)⊗ ΓR(s))−1

∼=
(
ζ̂(s,Z)⊗ ζ̂(s,Z)

) ( ∞∏
m=0

ζ+(s + 2m)2

)
Γ2

(
s + 2

2

)−2

Γ1

(
s− 1

2

)2

Γ2

(s

2

)

∼=
(
ζ̂(s,Z)⊗ ζ̂(s,Z)

) ( ∞∏
m=0

ζ+(s + 2m)2

)
Γ2

(s

2

)−1

Γ1(s)
2(s− 1)−2
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since

Γ2

(
s + 2

2

)−2

Γ1

(
s− 1

2

)2

Γ2

(s

2

)
= Γ2

(s

2
+ 1

)−2

Γ2

(s

2

)
Γ1

(
s− 1

2

)2

=

(
Γ2

(s

2

)
Γ1

(s

2

)−1
)−2

Γ2

(s

2

)
Γ1

(
s− 1

2

)2

= Γ2

(s

2

)−1
(

Γ1

(s

2

)
Γ1

(
s− 1

2

))2

∼= Γ2

(s

2

)−1

Γ1(s− 1)2

= Γ2

(s

2

)−1

Γ1(s)
2(s− 1)−2,

where we used the relation
Γr(x + 1) = Γr(x)Γr−1(x)−1

(see [KK2]). Note that

Γ1(x) =
Γ(x)√

2π

and
Γ0(x) = x−1.

We used also the duplication formula

Γ1

(x

2

)
Γ1

(
x + 1

2

)
∼= Γ1(x).

On the other hand, from §4 we recall the formula (4.2) (after the translation s → s− 1)

ζ̂(s,Z)⊗ ζ̂(s,Z) ∼= L(s− 1)

L(1− s)
ζ+(s)−2ζ+(s− 1)−2(s− 2)(s− 1)2s

and
L(s− 1)

L(1− s)
∼=

∏
p,q

ζα
p,q(s)× ζα

0 (s).

Hence

ζ(s,Z)⊗ ζ(s,Z) ∼=
(∏

p,q

ζα
p,q(s)

)
ζα
0 (s)ζ+(s− 1)−2ζ+(s)−2(s− 2)(s− 1)2s

×
( ∞∏

m=0

ζ+(s + 2m)2

)
Γ2

(s

2

)−1

Γ1(s)
2(s− 1)−2

=

(∏
p,q

ζα
p,q(s)

)
ζα
0 (s)

(∏∞
m=1 ζ+(s + 2m)

ζ+(s− 1)

)2

Γ2

(s

2

)−1

Γ1(s)
2(s− 2)s.
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Lastly, the functional equation s → 2− s is obtained from the invariance

L(s− 1)

L(1− s)
=

(
L((2− s)− 1)

L(1− (2− s))

)−1

.

Remark 9.3 From the applicational viewpoint (see Problem (2) in §10 below) it is quite
interesting to see the convergence region of

ζ0(s,Z)⊗ ζ0(s,Z) =

(∏
p,q

ζα
p,q(s)

)
ζα
0 (s)

( ∞∏
m=1

ζ+(s + 2m)

)2

Γ2

(s

2

)−1

Γ1(s)
2Γ1

(
s + 1

2

)−2

s.

Does this converge in Re(s) > α + 1? Here ζ0(s,Z) = (s− 1)ζ(s,Z).

10 Problems

We list some of the remaining problems.

(1) Higher tensor products:

We studied above Z1(s)⊗ Z2(s) only. It is quite interesting to investigate Z1(s)⊗ · · · ⊗
Zr(s) for r ≥ 3: for example, ζ(s,Z) ⊗ ζ(s,Z) ⊗ ζ(s,Z). Our method is extendable
to such cases but the needed calculations become cumbersome. Akatsuka [A] studied
ζ(s,Fp1)⊗ ζ(s,Fp2)⊗ ζ(s,Fp3) for distinct primes p1, p2 and p3 by our method, and he
obtained the following Euler product (or the “Euler factor”):
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Theorem (Akatsuka [A]) Let p, q, r be distinct primes. In Re(s) > 0 we have

ζ(s,Fp)⊗ ζ(s,Fq)⊗ ζ(s,Fr)

= eQ(s)(1− p−s)−
1
4 (1− q−s)−

1
4 (1− r−s)−

1
4

exp


−1

4

∞∑
n1=1

cot
(
πn1

log p
log q

)
cot

(
πn1

log p
log r

)

n1

p−n1s

− 1

4

∞∑
n2=1

cot
(
πn2

log q
log p

)
cot

(
πn2

log q
log r

)

n2

q−n2s

− 1

4

∞∑
n3=1

cot
(
πn3

log r
log p

)
cot

(
πn3

log r
log q

)

n3

r−n3s

+
i

4

∞∑
n1=1

cot
(
πn1

log p
log q

)
+ cot

(
πn1

log p
log r

)

n1

p−n1s

+
i

4

∞∑
n2=1

cot
(
πn2

log q
log p

)
+ cot

(
πn2

log q
log r

)

n2

q−n2s

+
i

4

∞∑
n3=1

cot
(
πn3

log r
log p

)
+ cot

(
πn3

log r
log q

)

n3

r−n3s


 ,

where Q(s) is a polynomial of degree at most 3.

Moreover, Akatsuka calculated the degenerate cases (p, p, p) and (p, p, q). After Akat-
suka’s paper [A], the general case ζ(s,Fp1)⊗ · · · ⊗ ζ(s,Fpr) for distinct primes p1, ..., pr

is treated in [KW1] by a different method.

(2) Obtaining results on essential zeros:

If we can prove that ζ(s,Z)⊗ζ(s,Z) (or ζ0(s,Z)⊗ζ0(s,Z) in Remark 9.3) has no essential
zeros and poles in Re(s) > 3

2
, then we have 1

4
≤ Re(ρ) ≤ 3

4
for all essential zeros ρ of

ζ(s,Z). More generally if we know that there are no essential zeros and poles of ζ(s,Z)⊗r

for r ≥ 2 in Re(s) > r+1
2

, then we obtain r−1
2r

≤ Re(ρ) ≤ r+1
2r

for all essential zeros ρ
of ζ(s,Z). Thus letting r → ∞ we would have Re(ρ) = 1

2
. (See Grothendieck [G] and

Deligne [D] for the case of a scheme over Fp.)

We may expect that our Euler product for ζ(s,Z)⊗ζ(s,Z) (or ζ0(s,Z)⊗ζ0(s,Z)) should
imply such a needed result for ζ(s,Z) ⊗ ζ(s,Z) (or ζ0(s,Z) ⊗ ζ0(s,Z)). But at present
we do not have results in this direction. Does this consideration have some relations to
the “absolute scheme” Spec(Z⊗F1 Z) as in [KOW] and [Dei]?
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(3) Theory of multiple Euler products:

Is there a theory of multiple Euler products implying

ζ(s,Z)⊗ ζ(s,Z) =
∏
p,q

ζ(s,Fp)⊗ ζ(s,Fq)

perfectly with functorial relations? We see some discrepancy from our present results.

Note (May 2006): Recetnly H. Akatsuka (Tokyo Institute of Technology) calculated the
case “α = 1

2
”. His method gives the double Euler product in a direct way; see H. Akatsuka

“The double Riemann zeta function” (in preparation).
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