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Abstract. We prove that the absolute zeta functions for finite abelian monoids have positive
Casimir energy if and only if its order is divisible by 4.
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1 Introduction

In 1948, Casimir used the value

1
S N — 11
(- =-5 (1.2)
for the Riemann zeta function
=1
C(S) = s
n=1

for calculating a certain force between two metal objects; see Casimir [C], Hawking
[Haw], and Kurokawa-Wakayama [KW1]; we remark tligt-1) appears in the one
dimensional case and that—3) is used in the ordinary three dimensional situation.
The value (1.1) represents the value of a divergent series

14243 +---.

When a zeta function

Z(s) = Z A8
)

is given, we callZ(—1) its Casimir energy, which is named after the work of Casimir.

From various viewpoints, the signature of the Casimir energy is meaningful in the
sense that it reflects certain dynamical and arithmetical properties. For example, the
following proposition is known.
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Proposition 1.1.Let K be a finite extension @ with its integer ring0 k. The Casimir
energy for the Dedekind zeta function

<K(3): Z N(I)is
I1COgk
ideat£0

with N(I) = |Og/I| is as follows:

positive <= K istotally real and[K : Q] is even,
(k(—1)is ¢ negative <= K is totally real andK : Q] is odd,
0 < K is not totally real.

For example{(—1) = —1/12 is actually negative fok = Q.

In this paper, we prove an analog of Proposition 1 for the absolute Weil zeta func-
tion. We recall briefly the history of absolute mathematics. The absolute mathematics
has been studied in many papers after Tits[T] (1957) as in the papers listed in the refer-
ences. Itis recommended to read the excellent survey of Manin [M] published in 1995.
Early publications are [K1](1992) and [KOW](2003); see also [CC], [D], [Har], [K2],
[KO], [KW2], and [S]. The absolute zeta functions were studied recently in papers
[DKK] and [KKK]. Here we describe the definitions:

Letuy = {2 € C |2V =1} (N =1,23,...) and put

Fiv = py U{0}.

The absolute Weil zeta function is defined in [DKK] by

CFlN (8) =exp (Z |H0m(F1Na Flm)| ems) )

m
m=1
More generally, for a fintie abelian group, we putFi1[G] = G U {0}, which is a
multiplicative monoid (arF';-algebra). We define the absolute Weil zeta function of
F1[G] by

m

ov = exp<§; |Hom<F1[GLF1m>|e_ms> |

m=1
In particular, we hav@ v = Fq[un].

These absolute zeta functions are constructel fealgebras, wher®'; is “the field
with one element". Precisely speaking we understand thak*aalgebra” means “a
multiplicative monoid with 0". Especiall¥{f; = {1, 0}.

These absolute zeta functions are considered as absolute version of the classical
Weil (or congruence) zeta functions. In the classical case, we are looking at the number
of rational points over finite fields. In the absolute case, we look at the number of
rational points over finite extensions Bf.
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In general they satisfy analytic continuations, functional equations and the asso-
ciated Riemann hypothesis. Special values at negative integers are considered to be
absolute Casimir energies. Here we restrict to the zeta function of a finite extension of
Fi.

For describing our earlier results, we introduce the absolute Frobenius opegator
for a finite abelian groug, which operates op 2 with |G| = N. First whenG =
un, we define

Pg: py2da— oVl e KNz

For general cases, put
G Zpn, X X PN,

with N = N1---N,.. Then
Pg = PNy, N, T 2 X X N2 = 2 X X 2
is defined by the Kronecker tensor product
Og =Py, @@ Dy,.
In [DKK] and [KKK], we proved the following theorem:

Theorem 1.2.For any finite abelian groug-, the following properties hold:
(1) Cr,(c)(s) has analytic continuation to all the complex numbers.
(i) (r,(e (s) satisfies the associated functional equation

Crija)(—s) = w(G)e 9 ¢py g (5),

wherew(G) is a complex number of modulus 1.

(i) (p,(e (s) satisfies the analogue of the Riemann hypothesis. Namely, all singular-
ities of (g, (71 (s) are on the lineRe(s) = 0.

(V) Cry(c(s) has the determinant expression

-6l

CFl[G](S) = det(l — qJGeis) 1.2)

We define the normalized Casimir energy for the absolute zeta function Bf-an
algebraA by
Ca(=DEL.

Our main result is as follows:
Theorem 1.3.Let A be a fintie abeliarF';-algebra. Then we have

Ca(—1)EdA > 0= 4| [A: Fy].
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2 Proofs

We start by proving a special case whete= F,~. The following Lemma will be
useful in the proof.

Lemma 2.1.The integer

n|N

is even, if and only i#|N.
Proof. The sequence(N) is a convolution obh(N) = N and¢(N) = ¢(N), since
N N
) = 3 bmjeln) = 30 () el = 35 Tplo) = alt),
mn=N n|N n|N

Because botth(N) andc(N) are multiplicative, the convolution(N) is also multi-
plicative. Therefore

a(N): H a(pord"(N)).
p|N
p: prime

Hencea(N) is odd if and only ifa(p® %)) is odd for allp| N. By definition it holds
thata(1) =1 and

l
a(p') =Y " Feh). (2.1)
k=0

We will examine the condition for (2.1) being odd. Wheis odd, we compute

l
a(p') = p'e(1) + >0 Fe®)

=p' +(-1p' Y,
which is always odd. Whep = 2, we compute
a(2)=2"+2"4
{odd (1=1)

even (I >2).

Consequently, (2.1) is odd if and only if eithelis odd or(l,p) = (1,2). In other
words, (2.1) is even if and only if opdN') > 2, which equivalently is V. |
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Proposition 2.2.
(py ()Y >0 4| N.

Proof. By [DKK] we have an Euler product expression

G ()Y = [T (@ - ey e,

n|N

By this expression we have

sgr(gFlN(_l)N) = (1) XN To(n)

1 if Z ) is even
_ n|N
—1 if Z ) is odd
n|N

Then by the previous lemma, it holds that

sgr(CFlN(_l)N) _ {1 If4|N7

-1 if4 JN.
]
Proof of Theorem 1
By the determinant expression (1.2) proved in [KKK], we have
(rx (1Y = det(1 — dye) ™
= det(—Pye)(Pyte ™t — 1))t
= (—)N det@y)e N def(l — dye 1)t
= ()N det@n)e NV ¢p , ()N
= (1) det@y)e N JJ@ - e,
n|N
Hence
SO, (~1)") = (~1)"" de(®y)
= (—1)Vsgr(®y).
By the preceding proposition, this is negative if and only if 4. Thus
1 if N=1,3 (mod 4,
sgn®y) = o ( K (2.2)
-1 fN=2 (mod 4.
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By [KKK] we have the determinant expression

Cryj ()Y = det(l — dge )%

Thus we compute

S9Crc (~1)Y) = (~1)V det®w, ;)
= (—D)Nsgndy, ) VN sgn(dy, )NE N
First when all ofNy, ..., N, are odd, we find by (2.2) that sgjpl[g](—l)N) =-1
Nextwhen 2Ny - - - N, but4 /Ny - - - N,, which means only one df; is 2 (mod 4
and all others are odd, we see again from (2.2) tha(t@g[a;](—l)]\’) = -1

Finally, when 4Ny - - - N, it holds that sg(g, ¢ (—1)") = 1.
This completes the proof of Theorem. O
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