Euler Product Expression of
Triple Zeta Functions

Hirotaka Akatsuka

ABSTRACT

We construct multiple zeta functions considered as absolute tensor products of usual
zeta functions. We establish Euler product expressions for triple zeta functions (s, F,) ®
((s,Fq) ® ((s,F,) with p,q,r distinct primes, via multiple sine functions by using the
signatured Poisson summation formula.

1. Introduction and Main Theorem

Let
Zj(s) = [L(s = py
peC

be “zeta functions” expressed as regularized products in the notation of Deninger [D1], [D2], where
m; : C — Z denotes the multiplicity function for j = 1,...,r. (Later we will specify “zeta functions”
to be treated.) Then, as in the paper [K] we define the absolute tensor product Z1(s) ® -+ ® Z,(s)
as

Zl(S) R Q Zr(s) = ]] (3 — (pl Lt pr)>m(p1,.,,,pT)7

P1,e-,pr€C
where
1 if Im(p1),...,Im(p,) >0,
m(p1,...,pr) i=mi(p1)---mp(pr) x S (=1)""1 if Im(p1),...,Im(p,) <0,
0 otherwise.

We define Hasse zeta functions ((s, A) for commutative rings A as
C(s,4) = ]2 = N(m)=)~,
m
where m runs over maximal ideals of A, and N(m) := #(A/m).

The following result about the absolute tensor product of Hasse zeta functions is known:

THEOREM 1.1. ([KoKu] Theorem 1.1) The following expressions hold in Re(s) > 0 with some
polynomial Q(s) of degree at most two:
(1)When p # q, it holds that

g(sa}Fp) & C(S,Fq) = ervq(S)(l o pis)%(]. . q,s)% %

1 &, cot (Wk}0§p>

84/  —ks
exp| =)y ——*~ -y ——
P 22‘; P S
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(2)When p = q, it holds that

o) (5, B5) = €091 =422 o (1220

where
0 n

Lip(z) ==Y %

n=1

In this paper we treat ((s,F,) @ ((s,F,) ® ((s,F,) when p, ¢, r are distinct primes. We prove the
following theorem, which is similar to Theorem 1.1(1):

THEOREM 1.2. Suppose that p,q,r are distinct primes and s € C satisfies Re(s) > 0. Then,

C(S’ IFP) ® C(S’Fq) & C(S, Fr‘)
= a1 —p ) H (=g ) (L)

N

ni=1
1 & 1
- = Z —cot [ ™ 0849 cot | ™ 84 jnes
4 2 logp
no=1
JR | 1 1
- = Z — cot | ™3 -1 cot 7rn3ﬂ r 38
4 o log p log ¢

1 1
cot wnlﬂ + cot [ ™ OgPp p "o
log q logr
1 1
cot <7m20gq) + cot <7m2 qu>> q "
log p logr
oo
i 1 1 1
+2 — | cot ﬂﬂgﬂ + cot | g 98T ) ) jnas ,
4 ns logp log ¢

nz=1

where Qp 4+ () is a polynomial of degree at most three, which depends on p,q,r.

2. Triple Poisson Summation Formula with Signature

DEFINITION 2.1. « € R is said to be generic, if
lim [mal[= = 1,
—0Q0
where we put ||z|| := min{|z —n|: n € Z} for x € R.
LEMMA 2.2. If a € Q, then « is not generic.

Proof. Let « = a/b with a € Z and b € Z~¢g. Then ||(bm)a|| = 0 for all m € Z. Hence « is not

generic. O

LEMMA 2.3. (Baker, [B]Theorem 3.1) Let o and 3 be in QN Rxq. If {zgg ¢ Q, then %gig is generic.

LEMMA 2.4. Let a and 3 be generic. Then

Z cot(mna) cot(mnf)x" (2.1)
n=1
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converges absolutely in |z| < 1.

Proof. Since «a, 3 are generic, |[na| ™!, [[ng]|~' = O(e™) as n — oo for any & > 0. Since cot(rx) ~
1/(rx) (x — 0), cot(mna) cot(mnB) = O(e*") (n — oo). Hence the radius of convergence of (2.1),
say R, satisfies

Sl=

1
R =limsu > e %,
i cot(mna) cot(mn/3)

Since € > 0 is arbitary, R > 1. O

LEMMA 2.5. Let n,m be positive integers and a,b be positive real numbers such that a/b is generic.
Then, for any € > 0 we have

lna — mb|~* Labe m” e

Proof. For all n,m € Z~y we have

fma—mb| =mb | 2% — 1| > mb ([5] +1) H

where [z] := max{k € Z : k < x}. Since a/b is generic, for any € > 0 we have

an-1
e <o
These show the lemma. O

For f € L'(R), we denote by f the Fourier transform of f:

Fla) = /_ Z Fe)etdt.

Let H(t) be an even regular function on {z = z + iy : z € R,y € (=R, R)}, which satisfies (i)
and (ii):
(i) There exists > 0 such that H(t) = O(t~37%) (|t| — o)
(i) There exists p € (0,1) such that H(z) = (/ﬂ (x — o0)
) :

h(t) and H,(t) denote h(t) := H(t/i), Hu(t) := h(a + it), respectively.

LEMMA 2.6. Let o € (—R, R) and z € R. Then,
(1)Ha(z) = eI ().
(Q)tHa(t)(O) — iaH(0).

Proof. (1)Applying Cauchy’s theorem to H (t)e®, we have
H(t)e'®dt =0,
Cr
where
Cr:=0{z € C|-T < Re(z) < T, min{—c,0} < Im(z) < max{—c,0}}.
Considering the limit 7" — oo, (1) follows.
(2)Considering the same as (1), we have
/ tH(t)dt :/ (t — i) Hy(t)dt. (2.2)
—00 —00

Since tH(t) is an odd function, left side of (2.2) equals to 0. So

—_——

tHo (£)(0) = iaHqa(0)
3
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— iaH(0).
O

THEOREM 2.7. Let a,b,c € R be positive real numbers such that a/b,b/c,c/a and their inverses are
generic. Then we have

> ol (re ) g B ol (FT))

ni,n2,n3>0 ni,n2>0

ng>0 n3>0

27r%> +> H (2%%) +> H (27rnc3>> + éH(O)
)

+am<l+1+1>ﬁ@amﬁWn (2.3)

Proof. Put Zy(s) = sinh <k28> (k =a,b,c). Let Dy be the region defined by

Dr:={seC:ls| >a, |Re(s)| <a, 0 <Im(s) <T},

2r 2w 2
whereO<a<mm{ W, 7r’ ﬂ}.

a b’ ¢
By Cauchy’s theorem we have

> 1(pa + po + pe)
0<Im(p1),Im(p2),Im(p3)<T

z 7 7
(s1+ s2+ s3 s1 (s3)dsi1dsadss, 2.4
o oy o )2 o1) 2 (52) 2 () (2.4

where p;, denotes the zeros of Zx(s)(k = a,b,c), and the contour dDr is taken counterclockwise.
Considering T' — oo in (2.4), we have

> h(p1 + p2 + p3)
0<Im(p1),Im(p2),Im(ps)
zl, Z,  Z
51+ 82+ 8 s s3)ds1dsadss, 25
2m /3D/8D/6D 1 2 S)Z(I)Zb( )Zc(3) 1dsadss (2.5)

where
D :={seC:|Re(s)| < a, |s] >a, Im(s)>0}.
We decompose 0D = C7 U Cy U Cy with
C1:={s € 9D : Re(s) = —a},
={s€dD:|s| = a},
4
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C3 :={s € 9D : Re(s) = a}.
We compute each triple integral I;,;,i, = fC fc fC in (2.5).

First we calculate I;,;,i, with (i1,142,13) € {1, 3}3

I333 = / / / 3OJ+Z t1 + o +t3))

A Z!
(Oé + ztl)fb(a + Ztg) (Oé + ’Ltg)dtldthtg (2.6)

Za Ze

Since
Zk i —kns
+ k § je (2.7)

for k = a,b,c and Re(s) > 0, (2.6) turns to

I333 = 5n1,n2,n3/ / / Hso(t1 +t2 + t3)

n1,n2,n3>0

e_nla(a+it1)€_n2b(a+it2)e—nSC(a+it3)dt1dt2dt3,

where

1 #{1€{1,2,3}n;=0}
€ni,nonz = (2> :

We replace t3 with t = t1 + to + t3 to get

1
-[333 = 873 €n1,n2,n3/ H3a
Y5
n1,n2,n320
—nla(a+zt1) —ngb(a+lt2) —ngc(ati(t—t1— t2))dt dto | dt (2 8)
t1,t220 1852 ) )
t1+t2<t
By
t pt—t1
/%1715220 < dtidty = /0/0 -~ dtadty (t > 0)
t14+ta<t
and

nia = nab < (n1,n2) = (0,0), neb = n3zc < (ng2,ng) = (0,0),

nia = nzc < (n1,ng) = (0,0), (2.9)
which are introduced by Lemma 2.2, we calculate that
abc _
I3 = _@ Z €n1,n2,n3¢ (n1atnzbinac)a X

(n1,m2,n3)el
00 —niait 0o —nobit
</ Hga(t)e dt i / H3a(t)€ Clt
o (nia—mn2b)(nia — ngc) o (n2b—mnia)(n2b — nzc)
N /oo H3a (t)e—ndczt >
0 (n3c —nia)(nsc — ngb)

b OotHa Ha —niait ooHat
([ / Bl [ Hll))
0

327r3 niai nia®
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abe 0o e_nQba </oo tH3a / H3a _n2bltdt+ o H3a(t) dt>
3273 — 0 ngbz o n3b?
+ abc — e naca /oo tH3O¢ / H3a _nBCtht+ o H3Ot(t) dt
3273 —= 0 msci n3c? o nic?
abc [ 4
H . 2.1
T 128 /0 £ Haa(t)dt (2.10)
where I := {(n1,n2,n3) € (Z>0)* : the number of i such that n; = 0 is at most one}.
Similarly
abe _
I = _ﬁ Z €ni,n2,n3€ (n1a-+nabtnac)a X
(n1,n2,n3)€r
0 - it 0 —nabit
H t niatr H t 2
</ salt)e dt+/ sa(t)e dt
—oo (m1a —m2b)(n1a — nsc) — oo (n2b —mnja)(nab — nsc)
N /0 H3a(t)efn30it dt
(ngc - nla) ngc - ngb)
abe —n1aa tH34(t) / Hyo (t)e~ it i /0 Hso (1) gt
327r3 niai n2a2 oo Nia?
abc o—n2ba tH34(t) / Hj, (t)e n2bit / O Hso(t)
——5——dt dt
+ 32#3; ngbz 2b2 + oo M3Y?
—1
abe . tHza(t) / Hs, (t)e macit /0 3a(t)
————dt dt
323 Z nsci n; 02 b+ Lo M3
4 gbe / 12 Hy (£)dt (2.11)
12873 ) 0 R '
By (2.10) and (2.11) we have
I + I333
b
- _% Z 6”17712,7136_(n1a+n2b+n36)a X
(n17n2,n3)EF
Hso(—n10) Ho(—n2b) Hgo (—ngc)
nia — na9b)(nia — nzc n2b — nia)(neb — nzc)  (nsc — nia)(nsc — nab
(
abe Z —niax tH30t( )(0) . H3oc( nla H3a
3273 = niai n2a? ni a2
abe Z oo [ tH3a(£)(0)  Hza(—n2b) Hga
327r3 — nabi n3b2 2b2
2=

nact n3c? n3c2

+ abe Z e cA (tH30c(t)(0) _ HSa(_n3c HSa )

b P (B(0)
By Lemma 2.6 and H(—x) = H(z), we have
I11 + I333
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abe
_ —(n1a+n2b+nzc)a
- E €ni,n2,n3€ (m1 2 3¢) X

83
(n1,n2,n3)€l’
eSnlaaﬁ(nla) eSn?baﬁ(ngb) n 63”3C°‘ﬁ(ngc)
(n1a —nab)(n1a —n3c)  (n2b — n1a)(neb —nge)  (n3c — nia)(nsc — nob)
abe o e—niaa 0 €2n1aaﬁ(n1a) _ 0 e—niaa
3aH(0 — ————— 4+ H
+ 3273 < (0) Z nia Z n2a? + H(0) Z n?a?
ni=1 ni=1 1 ni=1 1
abe 0 e—ngba 0 eQngbaf_j(nQb) " o e—ngba
3aH (0 — — =+ H(0 —_—
+ 3273 < (0) Z n9b Z n2p2 + H(0) Z n2b?
no=1 no=1 2 no=1 2
abe oo e—T3cx o0 e?ngcaﬁ(ngc) " o0 e T3c
H — - "7 4+ H -
* 3273 3aH(0) Z nsc Z nic? +H() Z nc?
nz=1 n3=1 3 n3=1 3
abc
b Hya(1)(0). (212)
Similarly we compute I113 + I331, 1131 + I313 and I311 + [33:
Iz + Is31
b
- _% Z 5n1,n2,n36_(n1a+n2b+n36)a X
(n17n27n3)er
e~ () q) €25 [ (nyb) n €3 [ (ngc)
(n1a + ng2b)(nia + nge)  (n2b+nya)(n2b —nge) — (n3c+ nia)(nzc — nab)
abe " > e~ niac 0 e—2n1aaf_j(n1a) " > e~ niac
H(0 — ——— 4+ H —_—
s (o) 32 5 R ) 3
n1=1 ni=1 ni=1
abe ~ O g—n2ba ’rlgb - O p—na2ba
s (o0 32 - 3 B o 3
na=1 no=1
abe ~ e e nsca e—naco
s (a0 3 52 00 3 )
n3z=1 nz=1 nz=1 3
abc
217 (4
+ 198: a3t Ha (t)(0), (2.13)
31 + I313
b
- _% Z 5n1,n2,n3e_(n1a+n2b+n3c)a X
(n1,m2,n3)€T
€% (nia) e~ "2b F (nyb) N €3 H (nc)
(n1a + nab)(n1a —nzc)  (n2b+ nla)(ngb +nsc)  (n3c—nia)(nsc+ nab)
abe ~ O g—miax nla > g—niac
s (a0 3 S O A 3 )
ni=1 ni=1 ni=1 1
abe _ o0 7n2bo¢ 2n2baH ngb) _ 0 efngboz
s o0 32 - 3 8 oy
ng=1 ng=1
CLbC -~ e 77’),360{ n3c & e*”SCOé
s (a0 3 S 3 T 3 )
nz=1 nz=1 nzy=1 3
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+ 1352 Ha(D)(0), (2.14)

I311 + 1133

— _ abe E e 67(n1a+n2b+ngc)a «
87T3 ni,n2,n3
(n1,n2,n3)€l’

€™ F (nyq) N €25 [ (nyb) e3¢ H (ngc)
(n1a — nab)(nia+n3c)  (ng2b — nla)(ngb +mn3c)  (n3c+nia)(nzc+ ngb)

abc -~ e 7n1aa nla & efnlaa
H(O — 0 —
s (o0 32 S 52 B o 3 )

n1=1 ni=1
abe ~ s e naba ’rlzb - o e—n2ba
" 3o <O‘H 0) Zl - Z gz O Zl n%(ﬂ)
nz2= no=
abe » 00 e Nacx 2ndco¢H 7136) " 0o p—nac
+ 353 <aH(0) Z —~ Z +H0)Y W)
n3=1 ng=1 ns=1
abe
+ Togpst Ha 24 (1)(0). (2.15)

Considering the limit & — 0 in the sum of (2.12), (2.13), (2.14) and (2.15), we have

. abe
Oléli%(llll + I11z + Ii31 + Lisg + Is11 + 1313 + I331 + I333 + @(Kl(a) + Ks(o) + K3(v)))

abe [ X H(na) = H(ngb) = H(nsc)
83 (nlzl n2a? +Z n3b? +Z n3c?

no=1 nz=1
abe (1 1 1 ~ abc
+ 33 <a2 + 02 + 02> C(2)H(0) — 3Tt2H( )(0), (2.16)
where
Ki@= T empe
(nl,nQ,ng)EF
enlaa(enlaa + 6—n1aa)2n%a2 (63n1aa o e—n1aa)n1n2ab
(n2a? — n3b?)(nfa? — n3c?) = (nfa? — ndb?)(n3a? — nic?)
(ei’)nlaa _ efn1aa)n1n3ac en1aa(€n1aa _ efnlaa)2n2n3bc .
R S B T LN S R S 2.2 _ 2212\(2,2 _ 2.2 H(nia),
(nfa? — n3b?)(nja? — n3c?) (nfa? — n3b?)(nja? — n5c?)
Ky(a) = Z Enymgmg€ TLATTIAY 5
(nl’n2:n3)er
engba(engba + e—ngba)2n3b2 (63n2ba . e‘"Qbo‘)nlngab
(n3b2 — n2a?)(n3b? — nic?) = (ndb% — n2a?)(n3b? — nic?)
N (€3n2ba o e—ngboc)n2n3bc engba(engba o 6—n2ba)2n1n3ac ﬁ( b)
n )
(n3b? — n2a?)(n3b? — nic?) (n3b? — n2a?)(ndb? — n3c?) 2
K3(a) = Z 5”17n2,n36_(n1a+n2b)a X

(n1,m2,n3)€l’
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en3ca(€n3ca +e ngca)2n§62 (e?mgca _ e—ngca)n1n3ac
(B2 — D) (B — ) T (3 = ) (e — 1)

N (e?mgca _ e’”SCa)ngngbc engca(engca _ efngca)annQCLb N(n3c)
(W3 — D)3 — ngtD) T (et — ) (nE — nhR)

and ((s) is the Riemann zeta function. Estimating |K;(a) — K;(0)| by using Lemma 2.5 and using
H(z) < p® for some p €(0,1), we have

lim K (o) = K;(0) (2.17)

a—0

for j =1,2,3. By (2.16) and (2.17), we have

iig}](hn + I1ig + Lis1 + Ligs + Is11 + 313 + I331 + I333)

abe
= T8 § €ninang X

(n1,n2,n3)€l

4n2a? ~ 4n3b? ~
H b
<<n%a2—n%b2><n%a2—n§c2> Ot g =g (e — gy

4n§c2 ~
o
" (n % 2 — n%az)(n?),cQ — n2b2) (n3c)>

abc > H(nab) H(nse
_87'('3(2 +Z 2b22 Z (23))

2
nacC
ni=1 no=1 n3z=1 3

abe (1 1 1)\ ~ abe
— =+ =4+ = | H 2H(t 2.1
+ 487 <a2 + b2 + 02> (0) - 3273 3t (£)(0). (2.18)

(2.18) turns to

O{{%(hn + Tz + Lig1 + Lig3 + 311 + 1313 + I331 + I333)
S cot (ww) cot (WM) H(nia)
8T = b c

b b b\ ~
— o Z cot <7rni> cot <7rn;> H(nab)

ng>0

c nsc nsc\ =
- fs¢ "N |7
. cot (7r . )cot <7r ; > (nsc)

n3>0

abc 1 1\ ~ abc ~
H(0) — H"(0). 2.1
*isr 48w < T b2 + ) (0) 3273 (0) (2.19)

Next we calculate I;4,:; With i1 = 2, i3 = 2 or i3 = 2. Put

3 3 3
)= > Ly, 1® = > Ik, 1% = > Iigs,

J,k=1 J,k=1 J,k=1

3 3 3
) = ZIQQJ', 1(5) = ngjg, 1(6) = ZI]’22'
j=1 j=1 j=1
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Then we have

z! Z Z!
- dsidsod
2m /02/3D/6D S1+82+83)Z(81)Z( )Z(33) s1dsadss

27” / Z h pa + Pb + 83) (83)d83

C2 pa.py

Z . if
27”/ Z h(pa + po + ae’ )Z( e iedp,

7T Pavpb>0

where pg, pp run through the zeros of Z,(s), Zy(s) with Im(p,) > 0,Im(pp) > 0, respectively. As
a — 0, we have

lim 7 =5 / Z h(pa + pp)idd = —— Z h(pa + pb)- (2.20)

a—0
T pa,py pa Pb

We similarly deal with 1) (k =2,3,...,6) and Iz to get

hr%l == Z h(pa + pe), (2.21)
pa;P(‘

Clgbl == Z h(py + pe)- (2.22)
pb,Pc

lim I Z h(pa), (2.23)

lim 10 Z h(ps), (2.24)

hn%)I Z h(pa), (2.25)

, 1

hn% Iz90 = —gh(O), (2.26)

where py runs over the zeros of Zj(s) with Im(p;) > 0. By (2.20), (2.21), (2.22), (2.23), (2.24),
(2.25) and (2.26), we have

lim E Iiligig
a—0

(i1,12,33)€{1,2,3}3\{1,3}3
= hm(I(l) + 1@ 4 13 (1@ 4 10 4 1O)) 4 [n9)

S bt )+ S hpat )+ S Bl o)
2

PasPb Pa;Pc Pb,Pc>0

(tha +thb +thc>_h ) (2'27)

We apply (2.19) and (2.27) to the limit « — 0 in (2.5). This completes the proof. O

10
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3. Expression of Triple Sine
We define the multiple Hurwitz zeta function due to Barnes as

CT(S,Z,Q> = Z (n1w1+"'+n7"wr+z)_s

ni,...,nr 20

for w = (w1,...,wy;) € (R5p)", the multiple gamma and the multiple sine as

Iee) = o (grlne) ).
s=0

ST(Zag) = FT(Z,Q)_lFT(CU1 + -t w, — Z,Q)(_l)r'

S3(z,w) has a following expression ([KuKo] Proposition 2.4):

S3(Z7Q)
_ Qula), H’ Py (— i > I » < : ) . (3.1)
niw1 + Now2 + N3ws niw1 + Nawz + N3ws
ni,n2,n320 ni,nz,n3g =1

where P,.(u) := (1 —u)exp(u + “2—2 +- 4 “%), and Q(z) € Clz] satisfies deg Q(2) < 3.

LEMMA 3.1.

d3 ’L(lZ
dz3 log( B =2 Z 27Tn)
n=-—o0o a
Proof. By
log(1 — ') = —% + %Z + log (2 sin ?Z)
and
az i az \2
2sin — = az (1—() >
2mn
n=1
we have

&3 : 2 - 1 1
1 1 _ ptaz — 2
a3 og( ') Z3+ § : ((Z_27rn)3+ (z + 27m)3>

O]

LEMMA 3.2. ([KoKu] Theorem 2.3) Let I(t) be odd function in L'(R) with satisfying following (i),
(i1):

()I(t) = O(t™) (|t] — oo) )

(ii) There exists p € (0,1) such that I(x) = O(u*) (z — 00).

Let a,b be positive real numbers such that a/b is generic. Then we have

(e (9) 3 (B (0) - o)

ia ka\ ~ ib nb\ ~ iab ~
=0 > cot (wb> I(ka) - > cot (wa> I(nb) = <—1'(0). (3.2)
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LEMMA 3.3. ([KoKu] Theorem 3.2) Assume w1 /wy is generic, then the double sine function has the
following expression in Im(z) > 0:

1 =1 ik =
Sa(2, (w1, w2)) = exp <2@ ; %cot <7Tkij> T

+ i i l cot Wnﬂ ezﬂmw%

21 n w2

n=1

1 omiz, 1 2mi =
+§log(1 —e w1)+§log(1—e “2)
Tiz2 m (1 1 ™ [ wy Wi
- —=(—+t— )zt (—=+—+3) ).

2w1iwo 2 \wi  wo 12 \ w1 wo
THEOREM 3.4. Let w = (w1, wa,w3) be in (Rxg)? such that w;/w; are generic (i,j = 1,2,3;i # 7).
Then the triple sine function has the following expression in Im(z) > 0:

1 > 1 n1w9o niws 2ming =
S3(z,w) =exp| - —cot | T cot [ e Lo
) =esn( § 32 ohoon (2 e
ni=1
+} i 1o (27241 . Nows \ 2ming =
4n 1n2 w2 w2
-

1 i 23 (1 1 1
—l-flog(l—e2 Z“’S)—m—i-m( + + >22
6w wows 4 \wwr Wwows  wswi

L (3 3 3
m< w1 wo +w3>z

- +—+ —+ +
12 w1 w2 w3 wWows w3w1 wWiw?2

T [ w w w w w:s w
o (22 B g
24 \wy w1 w3 w2 w1 w3

Proof. By (3.1) we have
3

1 1
+2 +
Z ((Z + (nw1 + nows + n3ws))® (2 — (nyw1 + nawa + n3w3))3>

ni,nz,ng>1

12
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1 1
+2 Z (2 + (n1w1 + naws))3 - Z (2 + (nawa + n3ws))?

ni,n2=1 nz,n3>1

+
Z Z + nlwl + n3(,U3))

ni,n3>1

1 1 1
9 - - - - - -
* Z (z +njwr)? * Z (2 + nows)? * Z (z + naws)?

n1>1 no>1 n3>1

where C,, is a constant depending on w.

Put
1 1
H(t) = EEmE + G=1)P (Im(z) > 0).

As we have
H(z) = 2mi Resy—. (H (1)) = miz?e™®*  (z > 0)
and H(t) = O(t~4)(|t| — c0), H(t) satisfies (i) and (ii) in §2. As H”(0) = 2mi, by putting

1 1
Fe) = Z ((z + (n1w1 + naws + nzws))? " (z = (nmwi + ngws + n3w3))3>

ni,n2,n3>1

1 n 1 >
(z 4+ (niw1 + n2w2))3 (z = (nw1 + n2w2))3

(
T Y (RN E T
(

(z + (nowq + ngwg))3 (z — (nowg + naws))

1 1
3 + 3)
(2 + (nw1 + n3ws)) z — (nmwi + n3ws))

+1 SN
4 (z+mnw)? (2 —nw)d

)
" i ((Z + 71L2w2)3 - 7}&2002)3)
)

ni=1
’ i t n2b t n ( b)Q inobz
- — cot | m—— | co — |1
8n2:1 a T
¢ = nsc nsc abc
~ 2 o (a7 e (175 e 2
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é i < b> co t( ”Cb> pinab
5 e (2o (5 )

By (3.1) with w; = 2%, wy = 2% and w3 = X, we have

1
8

3

5 (log S w))

1 1
= C, +2F(z < N >
m%;l (z + (nmwr + nsz))?’ (z — (n1w1 + nsz))S
1 1

+ ( _ )

n2§>1 (z + (nowa + ngwg))3 (z — (nowa + n3w3>)3

v Y (o - o)
s (z + (niw1 + ngwg))3 (z — (n1w1 + n3w3>)3

3 1 1 1
+§ Z (z + nqwy)3 + Z (2 + naws)3 + Z (

(o 4 Maa)d

n12>1 ng>1 ng>1 z+ n3W3)

S e S e S i) »
_ 3 _ 3 — 3
2 = (z — nywy) el (z — naws) = (z — n3ws)
Putting
1 1
I(t) =

(z+8? (z—8)®
I(t) is a odd function in L'(R) and satisties I(t) = O(t~2) (|t| — 00). Besides,

I(z) = 2mi Resi—, (1(t)e'®) = —miz?e™ (x> 0).
Hence I(t) satisfies the assumption of Lemma 3.2. By putting

Gi(z) = Z A (njwy + nowa) + % Z A(njwr) + Z A(nows) |,

ni,nz>1 n1>1 na>1

Ga(z) :== Z A (nowg + naws) + % Z A(nawe) + Z A(nsws) |,

n2,n3>1 no>1 n3>1

Gs(z):= Y A(mw +naws) +% D Almwi) + > Alnaws) |

ni,n3>1 ni>1 n3z>1

Lemma 3.2 shows

a 1 > nay .. 3 iniaz 1 & n2b . b)3ein2bz
1(2) = 4 Z cot T (in1a)’e + o cot | m—— ) (ingb)’e
ni=1 1
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Similarly we compute

G = d’ 11 n2b ingbz 1 & 1 N3CN ingez
Q(Z) = @ Z@ Z n72 cot 777 (& + ZZ Z nig cot (7T7> & s (36)
no=1 nzy=1
a3 1 = 1 niay 1 < 1 n3e\ .
G3(z) = P <41 Z - cot (WT> e 4+ o Z nfgcot <7r7> e"eE ] (3.7)
ni=1 nz=1
We express (3.4) using G1, G2 and Gjs:
d3
@(log S3(z,w))
= CE‘F 2F(Z) + Gl(z) + GQ(Z) + Gg(z)
1 & 1 > 1 > 1
A et Y et ) e
2 (nl_oo (z — njwy) e (z — nows) i (z — n3ws)
By (3.4), (3.5), (3.6), (3.7) and Lemma 3.1,
Q) = log Sa(z) — 30 L oot (7122 ) ot (7128 ) (2rimy
& 0312 4 —1 ni w1 w1
1 & Now now 2
2W1 2W3 Ting =
- = —cot [ ot | m—— w2
4 nz_:l 2 < w2 > < w2 >
1 & n naw ing -2
1 Z ~ cot <7T 3 1) ot <7T 3 2> 27rzn3w—3
4 —~ n3 w3 w3
-
— i i i cot e + cot ﬂnlw?’ e%mli
43 1 w1 w1

nsw ins 2
T 3W?2 627rzn3 o
w3

1 iz 1 iz 1 iz
— 7 log(1 e2mer) — 7 log(1 - eMs) — 7 log(1 - ™) (3.9)

is a polynomial of degree at most three. Thus we put Q(z) = a + bz + cz? + dz® and will compute
a,b,c and d. First we compute b, c and d by considering

Q(z+w1) — Q(2) = (bwy + cw? + dw?) + (2cwy + 3dw?)z + 3dw; 22. (3.10)
By (3.9) we have

Qz +w1) — Q(2)

S3(z + w1, w)
=log ———
S3(Z>Q)
[e.e]
—1 Z icot anwl cot, anwg GQWané(ezmnzw—; 1)
4 na—1 "2 w2 w9

1 o 1 nzwi n3wo 2ming = , 2minz <L
—= g —cot |7 cot [ e s (7P — 1)
4 — "3 w3 w3
nay=
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now

+cot | 3
w2

nawsa

w
) + cot <7r
w3

. ztwq

1 w3
)= log(l =)

0o
Naw1

w2

2mi 2t
w2

1
~1 log(1 —e™"

1 2 1 P2
+1 log(1 — 62mw2) + 1 log(1 — e ).

Using the formula
.627r'£:p +1

cot(z) = T

b ez _
(3.11) turns to

1 ﬂ-'ﬂ 1 ﬂ_.z«H;.)
— log(1 — ) 7 os(l — T

1 ;2 1 =
+Z log(1 — 627”“2) + 1 log(1 — e ).

Using the formula [KuKo, (2.4)] we get

S3(z 4+ w1, w)S3(z,w) ™t = Sa(z, (wo,w3)) "t

By Lemma 3.3 and (3.13), we have
Q2 +wi) — Q(2)

cot | m

n3wi

naw1

w2

. z . wq
) 6271'1713 o3 (627rzn3 o3

w3

Ly z::1 )

1
)—Zlog(l—e

A 1 =
~1 log(1 — e2mw2) ~ 1 log(1 — eQmwa)

ing 2 ing “1
> ) 627rm2 os (627mn2 oy
. z . w1
) ) 62mn3 3 (627”713 =3

w1

L. .
) 627rzn2 Py (6271'@712 Py

(3.11)

(3.12)

w - 1)

(3.13)

—1)

—1)

(3.14)
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By (3.12) we have

Qlz+w) —Q2) = — i +m<1+1>z—m<ig+w2+3>.
2

2wows 2 12 w3

Comparing the coefficients of (3.15), we have
_li < 3 3 3 w1 w2 w3 >

- +
w2 w3 waws3 w3w1 wiw2

) 1 1 1
c=— + + ’
4 wW1w2 Wows w3wi

de m

6w1w2w3 '
Next we will treat a by considering

w1 + wsy

Q)+ Q=+ )+ Q=+ 5) + QG+ 5 + Qe + Z2)
Qs+ 2 ‘5“’3> FQU+ BT 4 (s 2T,
—Q(22).
The constant term of (3.16) is
Ta — L(w%wg + W1ws + wWawz + wow? + wiwy + w3w? + 3wiwews).
24w wows

On the other hand we will compute (3.16) by using (3.9). Putting

1
k k k
H 53 <Z i 1W1 + Kow2 + K3ws ’ w)

2
k1,k2,k3=0
Ap :=log
S3(2z,w) ’
(o.0]
1 niws niws
— g cot | m
4 — m w1 w1
1 27rin1(z+—k1m1+k22wz+k3w3 ) 4ming
X E e w1 —e w1
7k27k3 0
1 711 2 niws
— | cot +cot |
ni w1 w1
1 2ming (z+ F191Thawohgwy ) dming
X E e w1 — e v ,
k1,k2,k3=0
naws
= —= E — cot
ng w2 w2
1 2Trin2(z+4L1w1+k22w2+k WS) 4ming
X E e w2 — e w2
k1,k2,k3=0

1 > 1 Nnow1 Nnows
- — — |(cot [ +cot (7
4s N9 wo w2
no=1

17
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2ming (o4 K101 TRowothgws +k22‘"2+k3“3 )

k1,k2,k3=0
1 > 1 nawi 3W2
- — — | cot (7 +cot |7
43 ] n3 w3 w3
1 2win3(z+43uwl+k2;2+k e ) 4ming
X Z e w3 — e w3 ,
k1,k2,k3=0
1 2mi(z4 K11 howa thyws )
IR
1 k1,k2,k3=0
Ay = 1 log iz )
l—e«1
1 2mi(a4 K11 thowa thaws )
M (-
1o kiko,ks=0
As = —11 e ,
1—e w2
1 27ri(z+k1w1+k22w2+k w )
M (-
1 k1,k2,k3=0
AG — _Zl Amiz 5
1—ews
6
we write (3.16) as ZAj. The formula [KuKo, (2.5)] gives Ag = 0. Computing A; by (3.12), we
Jj=0
have
1 0 1 4Tr7:7’l,1(z+UJ2TM) 47rin1(z+w72) 47Tin1(z+w73)
Al:_gz (e 1 fe 1 He 1)
ni=1 1

47”-(Z+“’2T+“’3) 47ri(z+w72) 47ri(z+%&)

1 dmiGz+ —75—) dmiz+5%) dmiGz45")
= Zlog{(l—e “1 J(I—e 1 )(1l—e <« )}
Ay is easily computed as

4ﬂi(z+%) 47ri(z+w72) 47ri(z+i23)

A4:—ilog{(1—e T ) (l—e )1 —e ).

6
Therefore A1 + A4 = 0. Similarly computing we have As + As = A3z + Ag = 0. Hence Z A;=0.
j=0
Therefore its constant term (3.17) vanishes, which lead to

T [w w w w w w
a= (—+—=+ 2424354 = 1 3).
24 \ wo w1 ws w2 w1 w3

18
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4. Proof of Theorem 1.2
Let Z;(j =1,...,7) be meromorphic functions of order ;;. We put the Hadamard product as
, s\ ™Mi(P)
Zi(s) = @O [ By, <> 7
peC P

where P, (u) := (1—u) exp(u—i—“;—k' . -—|—“T—T), m; denotes the multiplicity function for Z;, k; := m;(0)
!
and @; is a polynomial with deg@;(s) < p;. The product H means li

4 rr;o H . Then, we have
peC 0<|p|<R
Z(8) @ - @ Zp(s) = sFkr QL)
H, s m(p1,,pr)
I A ()
P1s-,pr€C PLA e pr
where Q(s) is a polynomial with degQ(s) < p1 + -+ + p, and
1 if Im(p1),...,Im(p,) =0,
m(pts. .., pr) :==mi(p1) - my(py) x § (=1)""1 if Im(p1), ..., Im(p,) <O,
0

otherwise.

LEMMA 4.1. The absolute tensor product of Hasse zeta function for finite fields is given as follows:
2r 2w 27 -1
F F F,) = e9®)g; (i
C(S p) ® €(87 q) & C(‘S? 7‘) € 311, lng, logq’ IOgT )
where p,q,r are powers of prime and Q(s) € Cls| satisfies deg Q(s) < 3 depending on p,q,r.

Proof. We compute that the Hadamard product for Hasse zeta function is given by

o0 _1
(s, Fp) = 571 H/ h ( : ) |

2ms

n=—oo

logp
where Qj(s) is a linear polynomial depending on p. Thus by the definition of the absolute tensor
product,

C(S’ ]Fp) ® C(‘S)Fq) & C(S, FT) = SfleQZMLT(S) X

Mny,ng,ng
/ S
H P3| 5w 2mi )
ny +
ni,n2,n3€Z log p 1

10gqn2 + 2mi
where Q. 4..(s) € C[s] satisfies deg Q4 (s) < 3 and

logr ng

271 271 271
m =m n na, n
n2ns log p b log q 2 logr 3

)1 if nq,n9,n3 > 0 or ny,no,ng <0,
0 otherwise.
Hence

C(s,Fp) ® ((s,Fy) ® (s, Fy)

-1
~ /
e e e
n1,n2,n320 logpnl + 10gqn2 + n3

logr
19
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—1
S
[[ 2(- . . ,
213 ny + 2mi ny + 273 ns

ni,nz,n3>1 log p logq logr
By (3.1) the result follows. O
Proof of Theorem 1.2. Applying Theorem 3.4 with z = is and (w1, w2, ws3) = (lggp, lggq, lfgr), The-
orem 1.2 follows. O
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