Subconvexity of Hecke L-functions in the Grossencharacter-aspect

SHIN-YA KOYAMA

1. Introduction. Let K be a number field with [K : Q] = n = r; 4+ 2ry. The
real and complex conjugates of K are denoted by K@ (¢ = 1,...,r;) and K®
(p =r141,...,n) with K®+72) = K@) The conjugateof p € Kin KW (j =1,....n)
is denoted by p). Put N(u) = p™ - pu(),

Let Jx and Px be the idele group and the principal idele group of K, respec-
tively. Grossencharacter A of K is a continuous character of the idele class group
Cx = Jix/Pg. We use the same symbol A for the induced character of Jx. We
decompose as Jg = Jo X Jg with the infinite part J,, and the finite part Jy. Let
U be the unit group of Jo, and put Uy g ={u € Uy [u=1 (mod m)}, where m
is an integral ideal of K. The set {Uy o} is a fundamental neighbourhood system
of 1in Jp. A map from Jo ={a € Jy|a, =1 (Vp/m)} to an ideal class group
G(m) = {a| (a,m) = 1} defined by

Jno2a—a= Hp”p(a) € G(m)
p

is a homomorphism whose kernel is a subset of Uy, o.

By continuity a Grossencharacter \ satisfies that A(Uy, o) = 1 for some m. The
greatest common divisor f of such m’s are called the conductor of . For a € J; ¢, the
value A(a) is determined by the ideal class @ € G(f). Thus we define a character
of G(f) as A\(@) := A(a). The Hecke L-function with respect to the Grossencharacter
A is defined by

L(s,\) = ) ]\?(a). (Re(s) > 1)

aeG(f)

When we restrict A on Joo = R*™ x C*"2, we have for z = (z(1, ..., z(m+72)) ¢

Jo
r1 ) r1+72 (o)1 r1+r2 a,:(v) Qv

v=1 v=r1+1

with a, € Z and b, € R, and a4, ..., a,,, which may take only the values 0 or 1,
depend only on the narrow class character mod f.

In what follows we fix a1, ...,a,, so that the narrow class character y mod f is
fixed. We will make the remaining part in the Grossencharacter vary, which is
parametarized by an n-dimensional vector a = (b1, ..., by, 1rys Qry 41y -vy Qrytry ) With
> » bu = 0. We denote such Hecke character A by xA?. If xA® is a normalized Hecke
character, then YA\ is also normalized for any m € Z. The chief concern of this
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paper is to estimate the size of L(% + it, xA™?) as |m| — oo with x, a and ¢ being
fixed. We may call this problem the m-aspect in the estimate of Hecke L-functions.
In what follows we write y A" := y\""2.

Duke [D] computed the convexity bound

1 .
L(5 +it, YA™) K4 e [m|TTE (1.1)

which can be proved by applying the Phragmén-Lindel6f principle to the lines
Re(s) = 1+ § and Re(s) = —§ with 6 > 0. We improve this bound by using the
approximate functional equation in the m-aspect, which will be proved in the next
section. In Section 3 we express the exponential sum over certain range of norms
in terms of the sum over algebraic integers in certain cubes. The main theorem is
proved using the van der Corput method in Section 4. It asserts that

Theorem 1.1. In the above notation we have as |m| — oo

1 n
L5 +it, A"®) €4 |m|F7TF

for any € > 0.

The Grossencharacter-aspect is recently considered in a different context. In
their paper [PS], Petridis and Sarnak obtain a subconvexity estimate of automorphic
L-functions L(s, ¢) for a Maass cusp form ¢ of SL(2,Z][i]). In the proof they
consider the twists with Grossencharacters and take an avarage in the form

Z/ \L(% +it, ¢ @ \™)|?dt,

where the summation and the integration are taken over certain range of (m,t).
Consequently they succeed in obtaining the subconvexities in the both m and ¢
aspects.

2. Approximate Functional Equation. We require the functional equation for
the Hecke L-function given by Mordell [Mo] (5.14):

L(s,x\) = W(MNAT™2G(1 — s, YA L(1 — s, X\), (2.1)

1/2
where [W(xA)| = 1 and A = <dKN(f)> with dx the discriminant of K, x is

ﬂ-n22'r2
the real character induced by x on the group of narrow ideal classes lying over the
broad class of principal ideals, and G(s, xA) is defined by

Gls, 3 = T Rl tib)  "ppt TGt sladd it
A LT e, —iby)) AL TO s Lau[—iby)

v=1

=r;+1

We denote each factor by G.,, namely, G (s, x\) = [[.L7" Go (s, XA).
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Lemma 2.1. The function G(s, x\) is holomorphic except at the following simple
poles:

s=—=2k—a,—1ib, (1<v<mr)

k:22(k:—|—av)—|—1
with residue (=1) k + v H Gy (—2k — a,, — iby)
VTR (2(k 4 a, i
s——k—M—ib (ri1<v<
= 5 v (11 <v < 479)
with residue k; n ‘av‘ I H Gy | — iby)

with k > 0, k € Z, and the sum Zp E{G)Sé%w over all poles of G(s,X\) abso-
lutely converges. In particular, G(s, x\) is holomorphic in Re(s) > 0.

Proof. We first treat the case 1 < v < r;. The numerator of

. L(L(s+a, +iby,))
Gv(37 X)‘) = 1 2 .
L(5(1 —s+a, —iby))
has poles at s = —2k — a, — ib,, none of which agrees to any zero coming from

a pole of the denominator, since k& > 0. By the fact that the residue of I'(z) at
the residue of G, (s, x\) at s = —2k — a,, — ib, is computed as

_ o (=D*
z=—kis 4,

2(—1)k (—1)k22(ktan)+1(E 4 q,)!

RID (F2kt200) 0 /TRN(2k 4 2a,)!

where we used the identity

1 m(2N)!
P(¥+3) = Enr
for any nonnegative integer N. The case r1 + 1 < v < r{ + ro can be treated
similarly.

Huxley’s expression of G, (s, x\) (See (2.7) below) and Stirling’s formula show
that G (—2k — a, — iby,) and G/ (—k — @ —ib,) decay exponentially as k — oo.
It gives the absolute convergence of the sum. [J

In what follows we define for z € C\ R~

z

2% :=exp(zlog z) = exp(z(log|z| +iarg(z)))

with |arg(z)| < .



Lemma 2.2. Put z = s+ iy € C with s = o +it, o,t € R being fired. Then we

have ' )
27 = (s+iy) T = |y exp (s + sgn(y)%) (1 +0 (;))

as |y| — oo.

Proof. Putting |z| = r and arg(z) = 6 give

2% =17 exp(—=0(t +y) +i((t + y) logr + fo)).

By putting ¢ = § —|0| = 5 —sgn (t+y)9 we have sin o = p +O(?). On the other
hand we have sin ¢ = ’j+ s=pt O( ). Thus 6(t +y) > 0, and
o2ty
o 1
o= + 0 < ) , 2.3
W O\ 2%
which leads to
exp(—0(t+y)) = < Ot + sgn(t + y) < +g0) )
1
= ex p( t——\y|+a+0(?)>
1
con(co-Tue) (r0 (L)),
Next we easily see that
o __ 2 o/2 _ o 1
r7 =+ ({t+y)?*) =" (1+0 ) (2.5)

By the facts that

2 2
1 t t 1
logr_log|y\+ log (1+—) —I—U—2 :log\y|+—+0(—2)
Yy Yy Yy Yy

and that || =5 —¢ =2 +0 <%> which is deduced from (2.3), we compute that

(t+y)logr + 0o = (t +y)log|y| + Sgn(y)ga +t+O(1). (2.6)
Combining (2.4), (2.5) and (2.6) gives that

- 7aO'e—@(t—l—y)—l—z((1§—|—y) log r+60)

_ |y‘s+iyes+sgn(y)ﬂ2iz <1 +0 (1)) )
Yy

The proof is complete. [




Lemma 2.3. As |y| — oo, it holds that

Do+ y) = Iyl exp (i (sgn(y) g2 = (2 = sny) 7~ v) ) Vo <1 +0 G))

with s € C being fixed and z = s + 1y.
Proof. Stirling’s formula and the previous lemma show that
. a1 1
[(2) =e *2"" 227 (1 +0 (ﬂ))
z

= |y|eienW) 5 —v) ;=12\ o (1 +0 (i» :

E

1—sgn(y)

Byy=e 2 "|y| and thus

(S +iy)_1/2 — |y‘—1/26—(2—sgn(y))7ri/4(1 + O(y_l)).

We have the conclusion. O

Lemma 2.4. As|m| — oo,
o 1
O\ — QT8 n(s—3) Co b, s—2 1 -
G(s,XA™) ™2 Ul;[lc (m)lo,[*"2 (1 +O0( — ) ),

where ¢,(m) is given by

o bv imb,,
() = (1) (1 = sgnmb)i) (5
e
for1 <wv <rqy, and by
&, (m)? = —sgn(mb,)ic,(m)
forri+1<wv <ry+ry with
oy — 1T VT s Dlog i (maw €22)
Cy\TM) = maqgy — .
1—(—1)™% (25 — 1) log 2 (may € 1+ 27Z).

Proof. Huxley [H] p.115 computes that

Goy(s,XN)

o1 —s=ibur=1/2 ¢og (SH%)”I‘(S + ib,) (1<v<ry, a,=0)
= { 2tmsibog—1/2gin BHOITR(g 4 g, 1<v<r, ay=1)

sin(s+ 3 |ay |+iby)m F(

T

s+@+ibv)F(s—@—ibv). (rm4+1<v<r +ry)

(2.7)



When 1 <wv < rq, the cos or sin part in (2.7) is asymptotically equal to

ay+1
D77 en(v) 5 Gu—i(s+1))

up to an exponentially small error term. Hence from Lemma 2.3 we compute that

= 1
GU<S,)A()\m) _ ( ‘ ) 2 , | by ‘s—{—zmb —(sgn(mby) § +mby)i (1+O <_)> )

23—|—zmb —= m

Since e~s&n(mbv)§7 — 271/2(1 — sgn(mb,)i), we have

G (5, IAN™) = 2756, (m) [ mby |~ (1+0 (;)) (2.8)

When 71 +1 < v <7y +ry, (2.7) can further be calculated as follows. We iterate
the formula of the Gamma function I'(z + 1) = 2I'(2) to get

lay|

O E Rl RITT (s iy )T (s — i) H iy (av € 22)

lay|—1

lay|—1

‘ 2
(-2 WCOS(S“bv)”[‘(S + 2 +iby)L(s — 5 —ib,) ] %
k=1

(ay € 1+ 27)

(2.9)
We estimate the product over k in (2.9) for G, (s, xA™) as |m| — oo. When ma, €
Z, it is
|m§v‘ |m§v‘
s+imb, + k—1 25 —1
— 4
H s —imb, — k H ( +s—imb —k:)

k=
Imay| 21b,, 1
=(-1 —(2s—1)1 —
(=1) (25 )Ogav+2ibv+0<m)
When ma, € 1+ 27, we have
lap|—1
2 S + ’l,bv + k % |may|—1 27/bv ].
—1 —2s—1)log———+0(—|.
Pt s — iby k—% (=1) (25 )Ogav+2ibv+ (m)

Next by applying Lemma 2.3 we estimate the product of the gamma functions in
(2.9) as |m| — oo as follows:

1
[(s 4 imb,)T'(s — imb,) = —2m|mb, |25~ Le~mImbe| (1 +0 (—))

m



and

1 1 1
F(s+imbv+§)F(s—imbv—§) — —2misgn(mb, )|mb,|?*~Le~Imbel <1 +0 <—)> .
m

Then (2.9) is written as
. 1
Gv(S,)A()\m) — 6v(m)2e—sgn(mbu)zsﬂ'|mbv‘2s—1 (1 +0 (_)) ) (210)
m

Multiplying (2.8) and (2.10) for all v leads to the lemma. O
Corollary 2.5. Put G(s, Y\™) = \m|_”(s_%)G(s,)25\m), and we have

as |/m| — oo.

Proof. By the definition of ¢,(m) in Lemma 2.4, we have ¢é,(m) = O(1) as |m| —
co. U

We follow the method of Luo-Sarnak [LS] for proving the approximate functional
equation. Put for o > 1/2

1 d
T(s+ X%,

F(X)=—
(> 27 (o) S

1 - d
Flw, X) = 5 /( (s 06 + s xAmx D

where w € C is fixed with Re(w) = 1/2.
Lemma 2.6. Both F(X) and F(w, X) rapidly decrease as X — 0o, and we have

F(X)=0(1) for X<1
Fw,X)=0() for X < |m|"

Proof. By integrating by parts
F(X) :/ e S de = e XX (1 - 1)/ e S¢l72de.
b's b's

It is O(1) as X — 0, and is estimated as

F(X)=eXXx!1 <1 +0 (%))
as X — oo.

Next we change the order of integrals to get

o 3 B 1 |m|n£ s+ito 5 —itg . - dS
Flw,X) = g¢t 1_/ s S my 42
(w, X) /0 e € 2 o) < X ) ¥ G(w + s, xA™) . dg,
7



where we put w = % + itg. We first compute the inner integral on s. When
X > |m|™¢, we shift the contour from (o) to (+00). By Lemma 2.1 there are no
poles in the region. and we deduce that the integral goes to 0. When X < |m|"¢,
by shifting the contour to (—o0), we have

1 im|me T e T L ds
- il B = A2
27'('?: (U) < X ) X G(w+S,X ) S

p+ito (- ~ Y —ito
. n Res,_,G X
= G(w, XA™) + ) (‘mJ(f) Bo=r (7”;+SX >(§) (2.11)
o

where the sum is taken over the poles p of G(w+s, YA™). By Lemma 2.1 we see that
the sum absolutely converges. We also have G(w, YxA™) = O(|m|"¥~2)) = O(1)
since Re(w) = 3. Therefore we have

oo

F(w, X) <</ e t¢lde,

[m]™

which can be estimated again by integrating by parts. [
Proposition 2.7. Let a,,(k) be the k-th coefficient in the Dirichlet series expansion
of the Hecke L-function L(w,x\™), that is,

- CLM<k)
kw

L(w, x\™) =
k=1

Then with Re(w) = 1/2 and w, x, A\ being fized, it holds that

Liw, ™) =32 ki )F(k:x) —W(HA™AT Y a kfﬂ )F(w, k/xA?),
k=1 k=1
where x >0 andl € Z, 1 > 0.
Proof. Consider the integral
1 d
I=— | Lw+sx\™I(s+ a2, (2.12)
271 J (o) s

where o > 1/2. We compute

I= i W) ).

On the other hand, since the integrand in (2.12) has a pole at s = 0, Cauchy’s
theorem shows

1
I' = L{w, xA™)I'() + —./ L(w+s,xw>r(s+1)x—8§.
21 (—0o) S
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By changing the variable s — —s, the second term I — L(w, xA™)I'(I) is equal to

1 ds
—— | L(w—s,x\"™(— s 28
2 ), (w— 8, x\")'(=s+ 1)z .

We deduce by the functional equation (2.1) that

I=L(w,x\™)I'(1)
1 < ds

=—— L(@ 4 5, YA™)D (=5 + D)W (xA™) AL 20 =) G (@ + 5, Y™ )2® —
210 J (g 5

WO AT &S am (k) _ s [k O\ T ds
— 5 Z X /(U)F( s+ 1)G(w+ s, xA™) e -

This gives the conclusion. [J

Corollary 2.8. For fized w € C with Re(w) = 1/2, we have

XA™ (b)
L A" =0
(w7X ) b%;al N(b)w
N(b)<|m|"/2

Proof. Choose z = |m|~™/2, and the corollary follows from [W(x\™)| =1. O

3. Reduction to Cubes. Let A, B € R satisfy 0 < A < B < 2A. Let L(a) be
the set of principal ideals divisible by a. In this section we estimate the exponential
sum

XA (b
Sa(4,B)= Y N(bgig (3.1)
bCL(a)
A<N(b)<B

as |m| — oo.

Lemma 3.1. Let ey, ...,e. (r =11 + 12 — 1) be the fundamental units of K. Let

(i) be the inverse of the square matric (log\s,g)DlSi,kSr. Let I be the set of
w € anOg such that A < |N(u)| < B and that 0 < t(n) < 1 where fork =1,...,r,

T Z 1
) = Y- (1og ]~ %105 NG ).
=1

Then

1 XA (1)
Sa(Aa B) - w M% N(Iu)zt )

where w is the number of roots of unity in K.

Proof. We follow the method of Mitsui [M] Lemma 1. Put ar = [tx(p)] (kK =1,...,7).
We have pq := p ][, e, “* € M. The product pie (¢ € OF) belongs to M if and
only if ¢ is a root of unity. Therefore the number of generators of the ideal (u)

which belongs to 9 is equal to w. [
9



Let 41, ...y, be the basis of a. Let J be a subset of {1,...,r1}. We define a subset
Xy of R" as

( Z xzfyl(q) for g e J
Xy =1 (x1,.yTp) Zxﬁfq) forqg J, 1<q<mr
Zxﬁfq) forri+1<g¢g<n
\ V,

A map f; : X; —> R"is deﬁned as follows:
fJ(xla "'7'7371) = (y073/17 "‘7y7‘7017 "‘707‘2)

where

Yo = anlog zn:a:ﬂf‘”
Uk = Zaqk (log sz%@

- argle,yl(lﬂ'ﬁ) = 17"'7T2>'

We see that f; is 1nJectlve. Put
log A <yg <logB
V= (y07y17"'7y7“7917"-79r2> Oﬁyk <1 (k:]-v-'wr)
0<6,<2r (p=1,...,7r9)

Then p = Y7 miv; € an Ok belongs to M if and only if (my,...,m,) € f7(V)
for some J. Putting for y € K*

F(p) = exp(—itlog [N (p)| + log x(u) + mlog A(u)),

we have
1 n
SQ(A, B) = E Z Z F (Z mzfyz> . (32)
JC{1,2,....,r1} (mq,..., mn)efJ—l(v) =1
’I‘V‘Lj€Z
Lemma 3.2. For ky,...,k, € Z, we define a cube QQ C R"™ as
Q=Q(ky,...kn; M)
={(x1,...,zpn) | kgM < xq < (kg +1)M (¢g=1,...,n)}, (3.3)

where M = [A8/°"]. Then

) ( )F (é””) = > > F(imw> +O(A ),

(mi,mn)ef 7 H(V QCfy (V) (my,...,mn)eQ i=1

m; €Z
Proof. This is a corollary of the proof of Mitsui’s lemma ([M] Lemma 2). His lemma
is stated in the case when M = [A%/7"] with remainder O(A'~77), but the proof
does not rely on the exponent of A. Actually in his proof he shows in page 237
that the remainder term is bouded by d4 < M A'=% with & the maximum of the
diameters of the f;(Q) having points with V' in common. [

10



4. Main Theorem.

Lemma 4.1 ([T] Lemma 5.11). Let f(z) be real and have continuous derivatives
up to the third order, and let A3 < f"(x) < hAs, or A3 < —f""(x) < hAs, and
b—a>1. Then

> O = om0 - a)n%) + O((b - ) 22510,

a<n<b

Lemma 4.2. For fized ki,...,k, > 0 and the cube Q = Q(k1,..., k) defined in
Lemma 3.2, we have

> F (va) < M3 |m|s + M"|m|~?

(ml ----- mn)eQ i=1

Proof. The left hand side of the lemma is

2 2

Mnp—1 Mnp

r1+7ro 1472 /l(v) [e2%
exp  —ittog V() +togx(e +mios ([ 1™ TI (fy) ) )

v=r1+1

where m, runs through the integers in k,M < mgy < (kg +1)M (¢ =1, ...,n) with
w=miy1 + -+ mpy,. We will trivially estimate the sum over my, ..., m,_1, and
will obtain a nontrivial estimate for the sum over m,, by van der Corput’s technique.

In what follows we write u(*) = z 7( v) -4 W,S ") with real variables L1y eeey Ty
Fix z1,...,z,_1 and put
1
f(xn) = “or
r1+7re (U)
tzlog 1] — arg x(p Zb log [1™| —i Y aylog o)
v=1 v=r1+1 | ‘
Let

n—1 n—1
AW = ijRe(’yJ(-v)) and BW = Z ijm(”yJ(-v)).

j=1
Then we have
1)) Z z;Re(v; ") = z,Re(y, ) 4+ A
1) Z z;Im(75") = z,Im(y{")) + B®.

11



We compute
(v) (v)
_Z 8 log H — a tan_l Im(/‘b )
iz Re(u())
A(”)Im( (”)) B(”)Re( (“))
(zaRe(1”) + A®)2 + (z,Im(4") + BO)2

Since A®) and B™) are linear in z1, ..., 2,_1, the condition (z1, ..., z,) € Q implies
that

o p)
1
Oy, % )]
where ~ means < and >. Therefore

d e L u®
f'(wn) = (Zwm (Z p) 2. B 108 ]

~ as—1
~ MY

v=1 v=ri1+1
~mM !
Similarly we compute
52 o (v)
oxZ % 0] \u(“\
C =2(AMTIm () — BORe(vEN (781220 + AP Re(14”) + B®TIm(5))
(2pRe(v\) + A®)2 + (2, Im(y)) + B®)2)2
~ M2
and
3 (v)
0 log - 1
a7 |u)]
_ —2(AIm(y"”) — B®Re(y"))
(znRe(W”) + AW + (2,Im(”) + B1)2)3
X (171212 = 4|y Py + APRe(r ) + B@Im(v())?)
~ M3,
These give
m m
f”(xn> ~ W and f/”(xn) ~ W
By Lemma 4.1 we have
1/ m 1/6
27rz My 1/2
> o M (y) MY (5)

knM<mn,<(kn,+1)M
— M1/2m1/6 +Mm_1/6.

By estimating the sums over m, (1 < ¢ <n — 1) trivially, we have

Z F <Z mi%) < M"Y MY m|Y6 + M|m|~Y/6)

(m1,...,mp)EQ =1
= M""%|m|s + M"|m|"5
This gives the conclusion. []
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Corollary 4.3. Put S,(A) := S.(A,2A) which is defined by (3.1). Then

Sa(A) < A5 |m|s + Alm|”5.

Proof. The number of cubes Q such that @ C f;'(V) in (3.3) is O(AM™") =
O(A'Y?). The number of subsets .J in (3.2) is a constant 2"*. Then from (3.2),
Lemma 3.2 and Lemma 4.2 with B = 2A, we reach the conclusion. [

Theorem 4.4. The Hecke L-functions for arbitrary number field K of degree n
satisfies the following estimate for fized vector a and as |m| — oo:

1 n
LG +it, \™) <e.e Im| %15 te

Proof. Let aq, ..., a be the representatives of ideal classes of K. By Corollary 2.8
it suffices to estimate the sum

m h m "
SR RORE eI O ON
. N(b)%—i—it j= N( ')%—Ht bEL(ay) N(b)%—i—it
NS 0<N<b>§\rjn\"/2

The inner sum over principal ideals b = (u) with p € Op is estimated by the
standard diadic decomposition

z S Zk n 1
350 s

92k /2
k=1
with v = § log, |m|. O
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